ON A SUM OF MELHAM AND ITS VARIANTS
HELMUT PRODINGER

ABSTRACT. We prove a general expansion formula for a sum of powers of Fibonacci
numbers, as considered by Melham, as well as some extensions

1. INTRODUCTION

Wiemann and Cooper [2] report about some conjectures of Melham [1] related to the

sum
n

k=1
We don’t know what these conjectures are, but an expansion for m = 2 is cited:

In this paper, we Wlll prove the general formula

n

Z F2m+1 Z )\m lezéill + Cm;

k=1 1=0
with
-— (2 1 —j+0N\2m—2j+1
A = 57" (~1 Z<m+ )(m ‘7.+)—m I
_ m—j—I Loy—2j11
and
Z : (Qm + 1) F2mf2j+1
Cm ~5m ' Lopm—o9j+1

(We use Fibonacci and Lucas numbers, as usual.)
In September 2008, after I obtained these results, I learnt from C. Cooper that somebody
anticipated them, by 2 months! So I decided to go ahead and find more results. These are

the evaluations of
n

> FRiy,
k=0
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for 6, € {0,1}, as well as the evaluations of the corresponding sums for Lucas numbers.
All in all these are 8 formulae of the Melham type. At the end, we will apply them to
compute iterates of the original Melham sum.

We decided to present the original proof of the Melham sum, since the remaining in-
stances are done in a similar style, whence we present then only some key steps.

2. PROOF

We will make extensive use of the Binet formulse

an_ﬁn

F, = and L, =a"+ (",
75 g
where
1 1—
o= V5 and (= \/E;
2 2
note that § = —1/a.
We need a Lemma.
Lemma 1.
k
Cop 2k+1 (k41 2+1
2k+1 2%k—1 k-1 1
=Y (—)Et 1) 1
N e sy () [ 0

1=0
The proof will be by induction, the instance k = 0 being clear. We compute

x2k+3 4 J}_2k_3 — ( 2k+1 + x_%_l)(IQ 4 .73_2) . (CL‘%_I + I—2k+1)

k
%+ 1 (k+1
it 142041
(@ +a7)3 (-1 2z+1(k—z)<“x)

=0
k—1

2k =1 (k=141
-2 0 l2l+1(k—1—l)<x+%)2l+l
=0

:i< N k:+l
20+ 1
k
_22 k12k+ (k:+l) Ly
k—1+1
_Z( 1)k-1- l o ) $)2l+1.

0
We compute the coefficient of (z + )2+

2k+1(k+1—1 2k+1(k+1 2k —1/k—1+1
-1 k—Il-1 —9(=1 k—l — (=1 k—1-1
(=1) 2[—1(k—l+1> GO e Y g s o

2l+3
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i(_l)kﬂ_lzkm k+1+1
a A+1\k+1-1

as desired. U
And now comes the big computation:

1
Z F22]§n+1 _ N Z(azk _ ﬁ2kz)2m+1

2m—+1 n
1 , 2m+1 .
= E —1)-1 ' o 2k(2j—2m=1)

k=1

1 2m—+1 i om + 1 052(n+1)(2j72m71) o a2(2j72m71)
Z (_1) j a2(2j—2’m—1) —1

= Xm:(—l)jﬂ 2m + 1\ [t @i—2m=1) _ 202 -2m=1)
i j 22j—2m-1) _

2(n41)(2m—2j+1) _ ,2(2m—2j+1)

Q

02@2m=2j+1) _

B 1 m , i om+1\ 1 — 062n(2j—2m—1) _ &2(n+1)(2m—2j+1) + a2(2m—2j+1)
- Z(_ ) j a2@m—2j+1) _

1 m 1 i1 2m —+ ]_ _ﬁ(2m72j+1)+ﬁ(2n+1)(2m72j+1)_a(2n+l)(27n72j+1)+a<2777,72j+1)
- E (_ ) ] (X(2m_2j+1) _|_/6(2m—2j+1)

5m par J Lom—2j+1
_ 1 zm:(—l)j <2m t 1) Feontnem-2+ 1 i(_l)j (Qm + 1) F2m72j+1.
5™ s J Lom—2j+1 om = J Lom—2j+1

This displays already the constant term C,,.
Now we use the lemma with x = o®"*!, and get the formula

2% + 1 (k+1
ey Z5l " l2l+1<k l)F;l‘fl'

So we can rewrite our formula:

En: 2m+1 1« (2m 4+ 1\ Flonts)em—2j+1) 1 « 2m + 1\ Fom—oj41
Fy = ) =Y . - —m . —_—=
k=1 > 7=0 J Lom-2j+1 Lom—2j+1
12m om1y 1 R o m—2 41 m—j+1
= = _1 J _— 5l _1 m—=] l— F21+1
o =) ( J ) Lom—2j41 l (=1) 20+ 1 <m j—1)
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—iﬁ_ly(mﬂ)—w
om '

=0 J Lom—2j+1
Xm: F2 ”i(2m+1)( —j+l)2m—2j+1
n+ . —_—
= o m—7j—1) Lom-2j1
1 = ( + 1) Fom—2j1
o :0 L2m 2j+17

as announced.
For the reader’s convenience, here is a little list:

E 2n+1 17
3 _ 1713 3
F2k - ZFQn-‘rl F 2n+1 +

5 _ 1 15 15 25 1 e
FQk - ﬁFQn-i—l F 2n+1 + F2n+1 229

319 1276 1276 " 2n+1 + &3s 6387

n
E 7T _ 17 56 455 13 553 139
FQk - F2n+1 F 2n+1 + F2n+1 F
k=1

9 _ 1 719 189 5625 175 4083 8055 1 1877
FZk; - F2n+1 F 2n+1 + F2n+1 F 2n+1 + su0ad ool

2204 24244 12122 24244 2n4+1 ~ 12122°

3. THREE MORE SUMMATION FORMULA OF THE MELHAM TYPE

A similar approach as before produces

m 2m + 1\ Fani1)@mt1-2 )
=gy (7)) J
k=0

L2m+1 27

Now we use the identity

k
Cop k+1\2k+1 2041
2k+1 _ —2k—1 _ 1 9
! ! ;(k—l)21+1(x :) 2)

and its corollary (x = Oﬂ(nﬂ))

3

Fotnin@my1-25) =

_]5l<m—]—f—l)2m—2]+]— 20+1
l

m—j—1 2041 2(n+1)

Il
=)



ON A SUM OF MELHAM AND ITS VARIANTS 5

to continue:

- 1 o= [2m + 1\ Fopiny@mti1-2))
Somt = o> (M) =

L2m+1—2]

:i5l_m om+1\ 1 "i m— 4 \2m =2 41,
. ] . 2l+1 2(n+1)
j =0

m—7—1

"t = 2m 41\ 5™ m— 41\ 2m—2j+1
(n+)j:0 L2m+1—2j m—]—l 2l+].

Now we turn to the next instance:

n

m—1
m 1 2m »F2n+1 2m—27 1 2m m
=0

k=0 FQm—Z]
Here, we need a formula of a slightly different type.
N-1
_ N +1 2041
2N 2N
= e ) (e 5

The factor x + % is necessary here; without it, it would be like expanding an even periodic
function as a Fourier series, but using only sine functions!
The corollary is (z = a***1)

m—j—1 .
m—7j+1
Flontyem—2j) = Fant1 Z ( . _ 1) L%ifjl.

— T —1
Thus
g s m—j—1 ,
1 F2n+1 m—j+I o 1 /2m
kgo o J:0< ) F2m72j ; <m—j—l—1 2n+1+5m m ( ) <n+ 2)
m—I[—1 )
F2n+1 21 2m . 1 m_j+l 1 m
L +1 —1)7 1 _qym 1 '
Z o ;0 J) el SRR R (e SV CR)

And now we turn to the last formula:

2m FQ 1)(2m—2 n+1/2m
2m (n+1)(2m—2j)
> ri 5o () ]

F2m 27

We use (3) again, with z = o210

m—j—1 .
m—7+1
Fotmy1yem—2j) = Lom1) (m il 1) 51F2[;{i1)
1=0
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whence

n m—1 m—j—1 .
1 2m 1 m—7j+1 n+1/2m
F2m - L n 5 F2l+1 -
E 241 = Em - ( . ) Foma; 2(n+1) - (m B 1) o(n+1) T 5m \ m

m—1 m—Il—1 ;
2m 1 m—j+1 ntl/2m
B 2041 bmm
= Lowin) D Bty D (j>F2m—2j(m_j_l_1)5 T <m)

4. SUMMARY OF RESULTS

For the reader’s convenience, we collect the 4 formulae of the Melham Fibonacci type
here:

= = — 51 oam 41\ (m—j+1\2m—2j+1
prmtl N g2l m—1 ( | ) ( | )
kz:% 2 lz:: 2t ;0 L2m 2j+1 J m-—-7]— l 20+ 1
B i = (Qm + 1) Fom_2j41
om Lom-2j41
m—l . .
I=m 2m+1\ m—j+1\2m —-25+1
F2m+1 — F2l+1 < ' > ( . ) ’
kZ: 2k+1 Z 2(n41) ]Z:;JL% 2j+1 J m—j—I 20+ 1
n m—1 m—I—1 .
Fonia 9141 2m m—j+1 1
ZF%L = "Em Z LGtrl Z . . (—1)
k=0 5 1=0 =0 J m—=7— -1 F2m—2j
1 /2m m 1
+ o () o+ b

n m—1 m—I[—1 .
2m m—j+1 1
2m I+1 l—m
E F2k+1:L2(n+1)§ :Fz(:ﬂ) Z (j)(m—j—l—1> .5
k=0 -

)

5. LUCAS TYPES OF MELHAM’S SUM

We start with

n

L 2m 4 1\ Lnt1)@mi1—a;
Soag =3 (M) e,

L iy
e =0 J 2m+1-2j

We use (2) with z = o?":

m—j .
N\ 2m 1 —2j
L(2n+1) 2m—+1—27) E <m ] . ) 20+ 1 ngﬁ
=0
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Therefore
2m + 1 1 Hm—j+0\2m+1—2j
L2m+1 < ' > ( ) Lijl + 4m
Z jzo J Lomi1-2; ; —J—1 20+1 2ntl
:z’"‘:mﬂmz 2m+1 m—j+0\2m+1-25 1 am
—0 2ntl =0 m —j —1 21 + 1 L2m+1—2j

The next one:

-~ " om+1 - Lo(n+1)(2m+1-25) = 2m+1 , 2
Sorg = () i D S
k=0

=0 J Lomi1-9; Jay J Lopt1-2;

We use (1) with z = o2+ to get

m—j

a2m+1—=25/m—7+1

m l l

L2(n+1)(2m+1—2j) = § (_1> ! 2 +1 (m _,] —1 Lg(:zr—ll-l)
=0

to " om+ 1 o1 & 2mA =2 (m— i+
S =3 () e s e T (T

= /2 1 2
(e
=0 J Lom+1 2j
Y = (2m + 1) (m —j+ l) 2m+1—2j (1)
=0 2(n+1) j:O .] m _] - l 2l + 1 L2m+1—2j
/2 1 2
D Sl (A [EET
Jary J L2m+172j
Furthermore,
n m—1
2m\ Fony1)em—2j) _ 2m
[2m — ()( 9) | 92m—1 4 n+ 1),
S =3 (7)) e ") 0+ 3)

Now we need the formula (3) and its corollary for z = "

m—j—1 .
m—7j+1
Fansvian-sy = P 3 (" 000 )2,
=0

n m—1 m—j—1 .
m 2m F2n+1 m—7 +1 l m— 2m
=3 (V) 2 (s () ey

FZm 27 =
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s " rom\ [ m—j+1 1
— F " L2l+1 -

m— 2m
e 1+<m)(n+%).

Finally

Zﬁmﬂ gfcm)—wﬂﬁﬂﬁﬁﬁ+(%ﬁvMWn+n

=0 J Fop_oj m

We use (2) again to get

m—j—1 .
m—j+1 ! 21
Fotmy1yem—2j) = Lot Z ( . )5 F2(:i1)

—~ \m—j— [—1
Therefore
m—1 m—j—1 .
2m m—j+I | 201
=3 () gt 3 (50T )
=0 o \J Fom—a; P m—j7—1—1
2m
1™ 1
+(m)<><n+>
m—1 m—1—1 .
—j+1 5!
— L " F2l+1 ( ) < m . J >
2(n+1) ; 2(n+1) JZO m—7j—1—1) Fyp_y;
+ (M) =mm )
— n .
m
6. COLLECTION OF THE LUCAS MELHAM FORMULZAE
n m m—I . .
2m+1\ (m—jg+1\2m+1—2j 1
L2m+1 — LQ;—FI < > ( . ) 4 4m’

; 2k ; 2 —sz() j m—j—l 2l+1 L2m+1—2j

n m m—I . . m—

ZL2m+1—ZL2l+1 2m—|—1 m—]+l 2m+1—2] (—1) t

2k+1 2(n+1) o A

k=0 1=0 =0 J m-—7 ! 2 +1 L2m+1—2]

'MS

2 1 . 2
(" Yermts
J L2m+172j

m—1 m—1-—1 .
Z Z Z 2m m—j+1 1
LQk; - F2n+1 Lgi’::-ll < j ) (m _] _ l _ 1)
=0

o Fop—aj

<
Il
o
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_ 2m
+ 2 1+(m)(n+§),

m—1-—1

(2m m—j+I 5!
s = o o, 3 0 () (L ) e
Z 2k+1 +)Z +1) ]Z:; j m—7—1—1) Fyy,_o;
2m
1™ 1).
+(m>( )"(n+1)

7. APPLICATIONS

With these results, we can iterate the summations, for instance we can sum the Melham
sum, viz.

N n m— R .
_ 2m+1 m—j+1\2m—2j5+1
§ § F2m+1 § § F2l+1 5l m m ( ) ( . )
n=0 k=0 * n=0 1=0 o = m—j =1} Lon-zjn

_ig)imi( ( )F2m 2j+1

M

n=0 §=0 L2m 27+1
" 1 <= /2 1 —i+N\2m—-2j+1
o e o LU V(R A U R
1=0 2l+1j:0 m—7j—1) Lon_2j41

l—a

!
5=t /A +1\ [l—b+a\2l—2b+1
2a+1
XZF2<N+1>Z ( b )(l—b—a>—

= Loi-op1 2a + 1

~ (N4 1)g -1y (2m " 1) Lomair,

= J Loy 2541

The coefficients of F. 2‘3\ﬁ1) are now triple sums. In principle, further iterations can be
performed, but the results are not too attractive.
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