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In recent work, Mansour [Discrete Math. Theoret. Computer Science 11, 2009, 173-186] considers the problem of
enumerating all words of length n over {1,2, ..., k} (where k is a given integer), that have the total variation equal
to a given integer m. In the present paper we study various types of random words over the infinite alphabet N, where
the letters have geometric probabilities. We are interested in the probabilities of words of given type to have a given
total variation.
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1 Introduction

In recent work Mansour [6] considers the problem of enumerating all words of length n over {1,2, ..., k}
(where k£ is a given integer), that have the fotal variation equal to a given integer m, where the total
variation of a word is defined as the sum of the absolute values of the differences of adjacent letters of the
word (as in formula (I))). Previously, several authors have studied the statistic “total variation™ in various
contexts. For more information we refer to Mansour [6]].

In the present paper we consider words over the infinite alphabet N. We assume that for any word
W = wiwy . . . Wy, the occurrence probability of the letter j € N is P(w; = j) = pg’ !, independently, for
all n,4,5 € Nwithi < n, where 0 < p,q < 1 and p + ¢ = 1 and investigate the probability of a word of
given length to have the total variation u(w) = r. We consider three different families of words over N.

In Section 2] we study the most general case, namely words over N (with no other restrictions on the
occurrences of letters within the words). In Section [3] we consider up-down words over N that follow the
pattern <><> - .. <>. We first study words of odd length and then use the result for the study of words
of even length. The last section deals with Carlitz words over N, i.e., words with the property that any two
adjacent letters are distinct.
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For all studied families of words we use the method of “adding a slice”: we start with a word of length
n with total variation r and last letter ¢ € N, then add one letter (except for the case of up-down words of
odd length where we add two letters) and see what influence this has on the total variation of the word.
We use generating functions in order to obtain the probabilities that we are looking for. The method that
we use can be applied to further families of words over N.

2 The general case: words over N

Let W, denote the set of words of length n over N, forn > 1, and W+ = n>1 VVn is the set of all finite
words over N. Forw € W,,, n > 1, w = wjws . ..wy, the total variation of the word w is defined (see

Mansour [6]) as
n—1

u(w) = Z |wit1 — wil. (1)
i=1
We are interested in solving the following problem.
Problem: For given n > 1 and » > 0, what is the probability of a word w € W, to have total variation
u(w) =r?

Therefore we introduce the following generating functions. Let

f(z,x) = Z p(nﬂa)znx'r" 2

n>1,r>0

where p(n, r) is the probability that a word of length n has total variation 7. Moreover, let

F(zyzt)= Y glnri)z"a"t, 3)

n>1,r>0,i>1

where g(n,r,4) is the occurrence probability of a word of length n with last letter i (w,, = i) and total
variation r. We have f(z,z) = F(z,z,1).

In order to find the occurrence probabilities of words with n letters and total variation r, we proceed
inductively as follows.

Assume we have a random word of length n with last letter 4, w = w;i ...w,—_1%, Which has total
variation r, with arbitrarily fixed ¢ > 1 and » > 0. Suppose we add a letter, j, after the last letter ¢, and
thus get a new word of length n+ 1, w’ = w; ...w,_17j. Then either j > ¢ and the new word w’ has total
variation r + j — 4, or j < 7 and then «’ has total variation 7 + i — j.

This is reflected by the following expression

i
qujfl N R R Z qufl LTt )
j=1 Jjzi+1

This leads to the substitution

RN ptT

t)’ 5
x—th+a:—qt(Q)’ ®)
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with 7' = T'(w, t) = £=L.

141

Our aim is to find the probabilities p(n, ), for n. > 1 and r > 0. Therefore we compute the generating

function f(z, x).
Let a,(x,t), n > 1, be the functions with the property

zzt Zanxt

k(k+1) 1—1 .
_ k+1 gk yk+1 1 T(z,q' " 'w)
1 Zkgop Faktlg T_gFtt Hl 1 r—q'z

(6)
n>1
For given n > 1, we obtain from (3)) that
pt pt
an+1(xat) = 1_ qtan(xvx) + mT(xat)an(xa qt)v (7
which, after multiplication by z"*! and then summing up for n > 1, leads to
F(e,2,1) = a1(2,8)2 + =2 F(2,2,2) + =2 T(a, ) F(2, 2, qt), ®)
1—gqt T —qt
where a1 (z,t) =Y, o, pg"1tF = 1f—tqt. This can now be solved by iteration:
pt pt pt
F t) = —— F T(x,t
(o) = Toz+ P aF e a) + L)
pqt pqt pqt
= 2tz—|— e 2F(z,z,x) + . 2tzT(a:,qt){
q q q
2 2 2
pqt pqt pqt 2
F T t
3 3 3
pqt pqt pqt 3
F ———2T t
4
pqt
Il
Herefrom we obtain
k -1
_ k1 k011 2oty T2, ¢ ') 1 1
F(z,a,t) = ;)p AN A l[ll gt \ I g T r gl mna ). 0
Fort = x, we get
k g1
el ket ke LGRS S T(x x) 1 1
and thus i) .
, k(1) ko T(xg'~
Floom) - Zkzopk—i-lxk—i-lzk-&-lq T qiﬂx I, (;c qq mw)



142 Ligia L. Cristea and Helmut Prodinger

We obtain

n(nt1) 1
F(Z, z, t) — an+1tn+1zn+1qu (1_qn+1t
n>0

x — qit

k+1,.k+1 k1, BEED g k T(z,q 'z) n 3

— gnt1 E(k+1) 1 kE T(z,q' 'z
T —q tl_zkzokarlxkszrlq s 1, (I_qll)

In the following we use the notation (z; q),, := H;:g(l —x¢’) forn > 1, and (x;q)o = 1.
Since

=1

n 2 n
4 —1
HT(x’qlflt) _ ( ) \
ey (q2t;q)n
we have
Lint1 1 nnt1) 1
Flzzt)= ) p" e o | o
n>0 q
k41 k41 k41 REED 1 (z2—1)*k
1 ) Y A AN A T—¢" Tz~ ¥ (q2%59) 5 (4:9)k ) (> —1)"
_ n+1 k(k+1) 1 (z2—1)k n(,t
xT—q"t — Y pso PFlak kg o T © (g% )n(zqt)n
_ Tl gl et 1
= [ A AL Y ) e
TLZZO 1— q”+1t
k1, k1 D 1 (a®=1)k
1 . Zkzop T2 P T @%ae(ads > (z* = 1"
— n+1 ’ ] k(k+1) 1 (z2—1)F n(t. - .
ST - D A B T—gFFT~ (q:v;;q)k(q;q)k (¢33 @n (20t On

For t = 1 we obtain

f(z,2) = F(z,2,1)

_ +1 nt1 D) 1
= an zn q 2 41 — qn—i-l

n>0
1 Siso a1 eEar (qiﬂ(::)_kl(z:@k (z? —1)"
e Zkzopkﬂzkﬂqw T (qx(ifz)_kl(y?q)k ) (D265 @
(10)
For x = 1 we obtain
z
fE) = F11) = 7

which corresponds to the case when neither the last letter nor the total variation of the words are consid-
ered.



q-enumeration of words by their total variation 143

Furthermore,
of (z,2) 2q2>

ox o (1=¢®)(z—1)2

x

which corresponds to the fact, that the mean of the total variation of a word with n letters is 13‘;2 (n—1).
Also, we obtain

0?f(x,2)
oz |,

2027 ((1-0) (~¢* +4° ~4¢° +4-1) 2> +((¢* ~5q+3) 4> +1) 2 +2q(¢+1) (> +q+1) (1-q))
1= @+ 1)+ g+ 1)1 —2)°

3 Up-down words over N following the pattern <><> ... <>
3.1 Up-down words of odd length

The aim of this subsection is to find the occurrence probabilities of up-down words with odd length and
given total variation. We note that recent work [2] of the present authors is dedicated to the g-enumeration
of up-down words (following various patterns) by the number of rises.

Analogously to the previous section, we introduce the following generating functions. Let

flzm)= Y pn+1,r)22 (11)
n>0,r>0

where p(2n + 1, ) is the probability that a word of length 2n + 1 has total variation r, and let

F(zyz,t)= > g@n+ 1)zt =Y agnqa (@, 1)z (12)
n>0,r>0,1>1 n>0

where g(2n + 1,7,14) is the occurrence probability of a word of length 2n + 1, last letter 7 (wap,+1 = @)
and total variation r. Again, f(z,z) = F(z,z,1).

We proceed, as in the previous section, inductively. Assume we have a random word of length 2n + 1
with last letter ¢, w = w1 . .. w2, ¢ and total variation r, with arbitrarily fixed ¢ > 1 and r > 0. Suppose we
add two letters, k and j, after the last letter z, and thus get a new word of length 2n+3, W’ = w; ... woytkj.
Then ¢ < k, k > j and the total variation of w’ is r + 2k — (i + 7). This is reflected by the following

expression
quk—l quj—l 2R (13)
k>i j<k
This leads to the substitution
2
; p’t 1 oni qt 2, i
th—> : - t 14
(z — qt) ((1 - qx2)(qx ) x(1 — q?xt) (@) ) (1

or, equivalently,

th— Az, 1) ( (qz*)" — B(z,t) - (q2a:t)i> , (15)

(1—qx?)
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where A(z,t) = (z qt) and B(z,t) = %.
Herefrom we obtain, for n > 0,

1
tansalot) = Aot) ({2 gomnn (0.00%) - Blot) - ann(wdan) .0

which, after multiplication by z2"*3 and then summing up for n > 0, leads to

Foat) = ao)s 4 Ale. 02 (s Feae) - B Flandan) . a7
—

with ay (2, 1) = 30,5, pg" 1% = 725, We solve the functional equation by iteration.
Peat) = 22 A )2 (g P2 00) — Bz, )
2, T = x,1)z 2,T,qr") — x .
) ) 1 _ qt ) 1 _ q$2 ) ’q b
2
pqxtz
1 grat T A@E I (1 — gt (@@ aa®) = Ble,gwt) {
pqtzitz 4,2, 2 2 4,2
1_q5x2t+A(x,qxt)z l_qmgF(vaaqw)_B(xaqxt)'
pgritz 6,3,),2 2 6.3
1_q7m3t+A(x,qxt)z l_qsz(z,x,qx)—B(x,qxt)~
8.4
Ttz
P2 ,
1—q%%

and thus

Az, =D gk=1p) , pg2h=D) g1y
F(z,x,t)Z( s F(z,x,q:z:) Jr—l—q% =

E>1
k—1

> (—1)k_122(k_1) H A(ac,qz(z_l)xi_lt)B(:v,q2(2_1)x2_1t).
i=1

For t = qz? we get

k—1
F(Z,I',CILCQ) — Z(_l)k—IZQ(k—l) H A(x,q2i_1$i+1)B(£C,q2i_1$i+1)
k>1 ]
A(x’q2k71Ik+1) 9\ o qukfll,k‘#»l
X |:1_qx2F(Z,I,q,I )Z + W?ﬁ
which yields

2k—1 k+1

pq i—1,.1 i—1,.1
F(Z,Jf,qu) :<Z( 1) 11 - qgkmk+1 2k 1 H A 2 11‘ +1)B(x,q2 1.13 +1)>/

k>1
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Az, gk = i—1 i i—1 i
(1 — Z:(—l)]C 1¥zzk H Az, ¢t Y B(x, ¢t ).
i=1

= 1 — ga?
Consequently,
F(z,x,t) =
M S et
;( 1 — qx? o — s (— 1)k 1%{1;5“1) 2%k Hk 1A( 2i-13i+1) B(z, g%~ Lgitl)

2(n—1)xn—1t

n—1
Pq n—1) 2(n—1 2(i—1) ,.9—1 2(t—1),.i—1
+1—(12"—1x”‘1t'z>(_1)( 222070 TT A, Dt~ 10)Bla Vo)

We have . o
—1 —1 2 2 1,041 2(k—1),(k—1)2  EkE=1)
1‘[14(91j q2i—1$i+1 H gt _ p( )q( Vg e
a1 41 (x — q- ¥ 1aitT) (x; )1
and k—1 k—1 21 1 i+1 k(k—1) k(k—1)
HB(x g2t = H _ 4 z 2
i=1 ’ i=1 (1 —gx - g? 1ot tl) (¢33 q?a)p—1
and thus

p2(k=1) g (2k=1)(k=1) (k1)

AJ], 27)—1xi+1 B x, 2i—1xi+1 _ )
H (e JB(.q ) (%73 ?2)p—1(g323; g% )k 1

Moreover, since

n—l 2i-1) i1 n—1 2420=1) yi=1y p2(n—1)q(n—z)(n—l)xi("*“’;”*”tn—l
HA(%Q ') H &g 20T = e
i=1 i=1 z’ n-
and n—1 n-1 2(i—1) i1 (n—1)2 ==l g
H B( 2(i—1) i_lt) _ H q-q A _q T 2 t
*.q r - — 2. g2(=1) pi—14) 2t 42 )
Py r(l—¢?x-q i 1t) (¢zt; ?°T) 1
we have
, , , , 2(n—1) ;(2n=3)(n—1) p.(n—4)(n—1)42(n—1)
H A(%,q2(l71)$l71t)B(1‘,q2(171)1‘171t) _ p qt . £E2 .
} (073 @*)n—1(q%at; ¢*T)n—1
These yield
F(z,z,t) =

k1 pg2Elghtl  p2(kh=1) k-1 (k=1) k(k=1) o5
2(n—1 n—1 — .
> (—1)n1(A(x7q( L) DD S | S A il C 30 o T U TR

1 — qz? 1— E (_1)k—1 Az,g?k—taktl) p2(—D)g2R-D(—Dgh(k-1) o
k21 1—ga? (Pz;0%2) 1 (P2%0% )1
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pq2(n71)zn71t ) 22(n71) p2(n71)q(2n73)(n71)x(n74)(n71)t2(n71)
1—g>tan—lt (0%;4%0)n—1(q%t; 22) 1

i .2
2h—1 k(2k—1) ;h?+1

= Z(—l)"’1 < p2q2(n71)$n:1t —. Zk21 (1q“w’lﬁ;(lfzz;q%)k—lv(q?'ﬁ;q2§)k_1Z2k+1
R I B p— 72—
.\ P21 gn=1¢ Z) p2(n=1)¢(2n=3)(n—1) 1.(n=14)(n=1)42(n-1) ),
1 —g#n=lgn=lt (¢%;¢2x)n1(g?xt; %)
Fort =1,

f(z,2) = F(z,2,1)

i \k—1,2k—1_k(2k—1), k2+1 )
2(n—1) yn—1 D " p g z 2k+1

=> (- ! rg . 2k =P s @ )i
= (1 _ q.%'2)($ _ q2n—1$n—1) 1 (_1)k71p2qu(2k—1)xk2
= k1 T P (i (@01

2(n—1) ,.n—1 2(n—1) ;(2n—3)(n—1) ,.(n—4)(n—1
e e o T
Thus for x = 1,
flz,1)=F(z1,1)
_ Z(_l)n_l <1pq2(z;nl ] Dkt (1—;’132&1;2;,{2;;%;}1)1 22 n Pq2("2;i)l z)
n>1 4 D N Y (o e rerE

' p2(n—1)q(2n—3)(n—1) .ZZ(n—l)

(4:4*)n-1(¢%¢*)n—1
(_1)n—1p2n—1q(2n—1)(n—1)

2n—1

_1)k—1p2k—1gk(2k—1)
n>1 (66%)n(a?; ¢*)n-1(1 = 2 k21 (17(q2k;(q2?zz)k:—(lz(QS?qz)k:—l )

Z (_1)k—1p2k—1q(2k—1)(k—1)Z2k—1 Z (71)np2n+lq(2n+l)nz2n+l

_ k21 (4:9%)x(4%9*) k-1 _ 4&=n20 (4:9)2n+1

- _ (—1)k—1p2kgh(2k—1) 52k - (—1)np2rg2n—1nz2n
1= 2k (@:9%)k(a:0%)k 220 (4:9)2n

which corresponds to the case when neither the last letter nor the total variation of the words are consid-
ered.

3.2 Up-down words of even length

In this subsection we are looking for the probabilities of occurrence of up-down words with even length
and given total variation.

We proceed inductively.

Assume we have a random word of length 2n + 2, n > 0, with last letter [, w = w; ... wap 411, With
arbitrarily fixed / > 1 and » > 0. This can be obtained by adding the letter /, after the last letter j of the
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random up-down word w’ = wy ...wapy1. Then ! > 74, and the total variation of wis r = v’ + 1 — 7,
where 1’ denotes the total variation of w’. This is reflected by the following expression

(qu’“‘l S opg Tt x%_(m)) > pg el (19)

k>i i<k 1>j

We introduce the generating function

g(z,2) = > p2n+2,7)2" a7, (20)

n>0,r>0

where p(2n + 2, r) is the probability that an up-down word of length 2n + 2 has total variation r. Since
Sis;pa et = {255 (gt)7, one can obtain the sum (T9) by replacing ¢/ in the sum (T3) by
pzxt

m(qt)j . Therefore, for ¢ = 1 the role played by F(z,z, 1) in the case of up-down words of odd

length is played here by ff;m F(z,x,q). We then have

x
z,x) = F(z,x,q),
9(z,z) T (z,2,9)
ie.,
_1)k—1p2k—1qk(2k—1)xk2+1 21
g(z,7) = pT Z pPg* et ) 21 (= D) (257 ) (P50 2) k1~
e\ T e ) 1y i 12 "
> 1—qz

n>1

.Zn7

+7pq2nflxn71 > Cﬁ1)n71p20%4)q@n71Xn71%An74Kn7U

1 —g?ngn—t (£5¢%2)n1(¢%; ¢°T)n 1

4 Carlitz words

Carlitz words are words over the alphabet N with the property that any two adjacent letters are distinct.
In this section we study the occurrence probabilities of Carlitz words with given total variation. Carlitz
compositions and random Carlitz compositions of natural numbers were studied by several authors, e.g.,
Carlitz [1], Knopfmacher and Prodinger [4], Goh and Hitczenko [3]], Louchard and Prodinger [3]]. We use
the notations from Section 2] namely

flziz)= Y pln,r)z"a’, 1)
n>1,r>0
where p(n, r) is in this case the probability that a Carlitz word of length n has total variation r, and
F(z,z,t) = Z g(n,r,i)z"a"t, (22)
n>1,r>0,i>1

where g(n, r, ) is the occurrence probability of a Carlitz word of length n, last letter ¢ (w,, = ¢) and total
variation r. We have f(z,z) = F(z,z,1).

z
2)(1—g?*aF)(¢?z;92a) -1 (¢392 ) )1
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Assume we have a random Carlitz word of length n with last letter ¢, w = wy . . . wy, 11, which has total
variation r, with arbitrarily fixed ¢ > 1 and » > 0. Suppose we add a letter, j, after the last letter ¢, and
thus get a new word of length n+ 1, w’ = w; ...w,_177. Then either j > ¢ and the new word w’ has total

variation r + j — 4, or j < 7 and then w’ has total variation 7 + 7 — j.
This is reflected by the following expression

i—1
qujfl Lt o Z qufl e A -tj,
j=1 Jj=i+1

that leads to the substitution
i pt ( ptx pr ) i
t — T+ - qt)".
(z — qt) l—qtz  q(z—qt) (a)
Let again F'(z,2,t) = >, < an(,t)z". For n > 1, we get from (24),

pt pxt D
)= —2 _a,(z,2)+ - qt
ans1(2,1) (z — qt)a (@, 7) (1 —qtz  q(x — qt)) an(, qt)

which, after multiplication by z"*! and then summming up for n > 1, yields

Dt pat D
F(z,z,t) =a1(x,t) 2+ ———2zF(z,x,x +< — >2:Fz,gc,qt7
( ) (@) (z —qt) ( ) L—gqgtz g —qt) ( )
where a; (x,t) = EkZIqu_ltk = lf—tqt.
We introduce the notation y
O e L a—

1—gqtx  q(z—qt)
and obtain from the functional equation (26),
4 4
p 2+ p
1—qt (x — qt)
pqt pqt
-t T a—a)
p’t - pg’t
1—¢3t (x — ¢3t)
pg’t . pet
1—q% (x — q*t)

4
pg-t
1_q5tz+...m]
This leads to

k
F(z,a:,t) — Zpk+1tk+1zk+1qk(k2+1) HT(x,qlilt) (

k>0 =1

F(z,z,t) =

2F(z,2,2) + T(m)z[

2F(z,z,x) + T(x, qt)z {

2F(z,z,2) + T(z,¢*t)z [

2F(z,z,2) + T(z,¢%t)z [

1 1
1 — ghtit t oo gkt

(23)

(24)

(25)

(26)

F(z,a:,m)) . 2D
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For t = x, we get

k
) k(k41) _ 1 1
F(z,xz,x) = Zpkﬂxkﬂzqu z HT(amql L2) (1 — s + F(z,x,x)) :

149

— _kt1
k>0 =1 g
and thus et )
kt+1,k+1 k+1,REED 1 k -1
Zk>0p Hghtlzht q 2 -3z qk+1 Hl 1T(:C x)
F(Z,J?,.T) = - k(k+1) :
1= ko P Hlakab g ™= qk+1 Hl T, '~ ')
This yields
() -
F(Z,ZL’ t an+1tn+1 n+1 H j lt
n>0 j=1
k k41 k1 RO ¢
y 1 n 1 Zkzop gkt Hl 1 I(z, !
_ m+1 _ an+1 k(k+1) _ 1
L= e b kg [ T, g 1e) e
and, fort =1,
n+1 n+1 W("'H) 1
f(z,2) = F(z,2,1) Zp HT 71—q"+1
n>0
1 Zk>0pk+1xk+1zk+l bled1) Hz Tz, ¢ 11,)1 L
= —q T
z— gt 1 ket k1 k1 g Et1) g1 1 (28)
- Zkzop € z Hl 1 ( 93) z—qF Tz
Since T'(1,¢’~") = —£, we obtain for z = 1,
n+1 77+1 n(n+1) 1
fz1)=F(z1,1)=> p HT 717(]%1
n>0
Bkt BlhtL) -1 1
1 2 k0P M Hl 1 I(1, 55)1_qk+1

+

1—gntt’ N
q 1_Zk20p+z+

n(n—1) 1
=D (T P

nH( 1) e

n>0
1
x Okt 1 ht1, =D 1
Zk>0( ) gkt q 2 : T—gk+T
+1
_ ont1  mn=1) ik

n>0

This corresponds to the case when neither the last letter nor the total variation of the words are considered.
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