GENERALIZED RECIPROCITY LAWS FOR SUMS OF HARMONIC
NUMBERS

MARKUS KUBA, HELMUT PRODINGER, AND CARSTEN SCHNEIDER

ABSTRACT. We present summation identities for generalized harmonic numbers, which generalize
reciprocity laws discovered when studying the algorithm quickselect. Furthermore, we demonstrate
how the computer algebra system Sigmacan be used in order to find/prove such identities. We also
discuss alternating harmonic sums, as well as limiting relations.

1. INTRODUCTION

In the study of HOARE’S FIND ALGORITHM (quickselect) [3], the sums

H,_
>

J
k=1

occurred, where H,, = Zl<k<n% denotes a harmonic number; later we will also need harmonic
numbers of higher order: H,(la) = <p<n k%

The best thing would of course be to find a closed form evaluation, which—for a variety of
reasons—is not possible for general j and n. However, since there is an intrinsic symmetry in the
algorithm between j and n + 1 — j, it was a priori clear that some relations must hold. Indeed,
the following two reciprocity laws were obtained in [3]:

e Reciprocity for Type 1 sums:

n+1—j

J
Hn—k Hn—k 2 (2) 1
+ =HH, ;+H-H% - ——— . 1
kzl K kzl K A T ) M
e Reciprocity for Type 2 sums:
J n+l—j
Hpyk—j Hijjpr 17 @Y , Lo (2)
S e 2 T =g (e ) g (e ¢ )
k=1 k=1

n+1
s g =gy (T )
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In the present paper, we want to generalize these to Type 1 sums
J a)
>t
kb

k=1

and Type 2 sums
j (a)
: Hn+k—j
>
k=1
Notice that the two reciprocity laws contain two Type 1 resp. Type 2 sums (for j and n+ 1 — j)
and otherwise only known quantities.

Now, in the general case of natural numbers a and b, we are still able to get such a result in the
Type 1 instance. In the Type 2 instance the situation is more complicated than in the a = b =1
case. We can either express the sum of two Type 2 sums by known quantities and some Type 1
sums, or we can express the sum of more than two Type 2 sums by known quantities. This is an
intrinsic phenomenon, and simplification only occurs for a =b = 1.

We also discuss alternating harmonic numbers/sums, as well as limiting relations, when n =
2m+ 1 and j = m + 1 (in this case the sums are invariant under the change j < n + 1 — j).

One section is devoted to the software package Sigma, created by one of us, which is particulary
well suited to handle sums of harmonic numbers. We describe how it can be used to guess and
prove the identities in question.

2. RECIPROCITY FOR TYPE 1 SUMS

The following theorem treats the reciprocity of Type 1 sums.

Theorem 1.

J H a)k n+l—j H(b)k 1 n H(b)
n— n— (®) ry(a) n—k
Z + Z a <o T Hn+1—'+ZT
k=1 K k=1 k jn+1-7) ! ! k=1 k
_ b pe g (a,b)
B jb(n +1-— j)a + H] Hn+1—j + Rn )
with
a s b,
(ab) _ i+b—2 . B . i+a—2 . B .
R, —;( b—1 Ci+b—1,a+1 z)—i—; a1 Gli+ta—1,b+1—14), (2)

where the multiple zeta function and its finite counterpart are defined as follows:

1
Clag,...,a) = > T R

n ..n
ni>ng>->n>1 1 2 !

1
CN(CL]_,...,(I[) = Z a1 _as  _a;°

nl n2 e nl
N>ni1>ng>-->n;>1
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Proof.

J H(a)k (@ o(8) J 1 n—k ®

Z kb =M, _;Hj +Zﬁ Z ‘la H T Z Zkb

k=1 k=1 l=n+1—j l=n+1— ] =

n (b
_ g g Hot o ) N Z
n—j> g la n+l—j57"j (n 4 1 _]
l=n+1—j l=n+2—j

(a,b)

which proves the first part. For Ry, we use the partial fraction decomposition (which appears
already in [4].

R SN S0 B S A
ke(n— k)b ; nitb—1fati—i + ; nita=l(p — k)b+1-i’
which leads to
o (7H02) b (e2) nod
et R(ab) Zka _ z; nz+b 1 kzkaﬂ i Z; pita—1 kzl (n—k b+1 i

a 1+b 2 b z+a 2)

alz b+1 —1)
_an+b 1H Z nita— 1H :

By iterating we get

pat) _ - (1 40=2) ¢ HD S i a— 2\ s B
n _Z hb—1 i1 +Z a—l kita—1
k

=1 =1 i=1 k=1

b,

i+b—2 it+a—2
—§ tb-l,a+1— +§ ta—1,b+1—14).
<b—1> n(i+b a+1—1) <a—1 >Cn(z a—1,b+1—1)

Setting a = b =1 in Theorem 1 we get the corresponding result of [3], since

R = g2 — H?), (3)

n

Note that Rﬁ?”’) equals Rs)’a), which can easily be seen to be true using the polylogarithms Lig(z) :=

an1 2" [nf.

LN A Liq(2) Lio(2)Liy(z) o= H”
ab) _ | Liy(2) [zt HalZ) o Mal2) Lib(2) S~ Bk piba)
; kzl iy(2 ]l—z "] 1—z P ka B

(a,b)

In any case, we treat Ry, " as known quantities and notice that they can be expressed by (finite)
multiple zeta values.

We can state some corollories of this reciprocity theorem for Type 1 sums.
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Corollary 1.

j—1 n—j a a b
SV S IR
Ay P S TP Y oy R A o T
n (a)
1 (®) (@ H,
_g® g ,
* (n+1-j) J "+1_J+kz_l kb
Proof. Observing that
j b n—1 17(b) (b) (b) n—1 (0)
ing) — Z H, _ HJ’ + ijl + Z H. 2y
k=1 (n— k) k=n—j ke (n—j)*  (n+1-j)e k=n+2—j e
nt+l—j a n—1 (a) (a) (a) n—1 a)
Zj H]E; ) _ Z ank _ Hn+1fj + anj + Z ank
_ b b S B/ b b
= (n—kP ok (J—1) j Sk
and adding these sums to the left hand side of the Type 1 reciprocity identity gives the desired
result. O
Corollary 2.
J H(a)k i g®
n— k (a) (b)
— =H H
Z b Z _L)a n—1-j7j
= B E ek
Proof.
J H(a)k i1 nzk oy i J 1
n—k _ ry(a) (b) (a) (b)
Z O H, 2y jHj" + Z kb Z la Hy oy 17+ Z kb Z (n—1)®
k=1 k=1 l=n—j k=1 =k
@ g0 S~ 1 ]
=" H —

3. RECIPROCITY FOR TYPE 2 SUMS

For the evaluation of Type 2 sums we observe the following:

J (b)k . -1y n ) “
nthe) — g O T — S _gl@ge
Z ke H Z ko Z [ Hj Hy, 5.
k=1 k=1 I=n+1—j+k
Further we get
Jj—1 1 Jj—1 j—1 1 j—k
S*E: E: 227 a2
k=1 l=n+1— ]+kl e n+1_3+l kzlk =1 ”+k—3+l)

and by using the partial fraction decomposition

I Y (37) +§b: (-1° (Zt“f) @
ka(k_r)b ( )Z+b 1ka+1 7 — H—a 1 T)b—f—l—i

i=1
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with —r=n+4+101—j

<.

S5 (s ey b 1)
S = Z 1)it! b—1 n Z )
=1 =1 \Viot (n+1— j)yitb-Tgati=i £ (n+l—j)tetk+n+l—j)potii)

We set S = S1 + S2. The first sum can easily be simplified into Type 1 sums:

. j—1j—k
B i (i+b—2 1
=30 ()X e

i=1 k=1 I=1
“ i i+b—1 i+b—1
B ST (R e it /S (5)
b—1 fatl—i
1=1 k=1
a . j (i+b—-1) a .
_ i1t t b—2 ank ir1ftt b—2 (i+b—1) rr(a+1— z)
- Z(_l) < b—1 Z gatl—i Z(_l) b—1 H, 5 T H;
i=1 k=1 i=1
j (H—b 1) n+l—j H(a—l—l—z)
Now we use Theorem 1 to translate the sums Z W into Z =
k=1
a . n (zz—i—l i)
_ i1 (t+b—2 1 (a+1=3) py(i+b—1) H,
1= Z(fl) ( b—1 N jotl=i(n 41 — j)itb-1 + Hj n+1 J + Z k@+b 1
i=1
a . n+l—j a+l 1) a .
i [i+b—2 H i1 (T b =2\ (i+b-1) ; (at1—1)
_Z(_l) ( b—1 Z kz-‘rb 1 _Z(_1> b—1 H,_j Hj
i=1 k=1 i=1
a n+1l—j (a+1—z) a . n a+1 —i)
_ i+1 H'b—Q H, )i+l i+b—2 H
=2 (07) 2 S e () X e
i=1 k=1

a . (a+1—17)
; +b—-2 H; 1
+ E _yitt (! J ‘ — . , =S +S
121( ) ( bh—1 ) ((n 1— j)itb—1  jatl=i(p 41 j)z+b—1) 11 12,

(6)
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where S11 contains all the Type 1 sums. For Sy we get

b
t+a—2 1
So = (—1)¢
2= );< a—1 )k:”l(n—l—l—])”“ Hk+n+41—j)btt—i
b j=1 j—l
i+a—2 1
= (-1)° : c
( )Z a—1 Z n41—j)telk4n4 ] —j)btl-i
i=1 =1 k=1

(b+1-1) (b+1—4)
{ 1) Hn7j+lz

(n+1— jyta-l

Il
T
—_
N~—
o
k=l
/\/—:/\
e +
|
—_
o
S~
[~]-

i=1 =1
b . b . n (b+1—1)
t+a—2 bt l—i - i1 t+a—2 H
=0 (e e e () S e
i=1 i=1 I=1
b . n—j yr(b+1—1)
o 1+a—2 H,
+(=1) Z< a—1 ) Lati—1 -
i=1 =1
(7)
n+1 HY
Now we turn to the next sum »,~ J %’H We use the following lemma.
Lemma 1.
n+l—j H(a) n H(b)
j+k—1 k—j (b)
Y. ot D W—H(“)Hnﬂ -
k=1 k=j+1
Proof.
nt1—j ()k n l-j
TTjtk-1
>, g = HOE Sy = O, - 2 Z
k=1 k=11=j+k =j+1 k=
(0) k—j
(a)Hn—i-l - Z o
k=j+1
O

Thus we have reduced the problem to the computation of T := ) }'_ —itl he —kod.

w0

n k—] n n
i 1
_ZZkal szak—i—l ZZ l+]—1))

k=j+1 k=j+1 =1 k=j+1 =1 k=j+1 =1

Sy D57 : <—1>2‘+1(Z+312)
- Z Z <Z l+] z+b—1ka+1—i + ; (l +] _ 1)i+a—1(k —1 _j + 1)b+1—i>'

k=j+11=1 \i=1

T:
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By splitting T' = T} + T we further get

n a i+b— a . n i+b—1 i+b—1
S ’“iz 03 =0 <z+b—2> 5 gt - gy
7,+b71 at+l—i _ a+1—i
k=j+1 =1 i=1 l+‘7 k i=1 b—1 k=j+1 k
b i+b-2) | HigHb_l) (a-+b) (a+b) b~ (i b2
=(=1) Z bh_1 Z atl—i (Hy*™ = Hy 7)(-1) Z b—1
k=j+1 i=1
b S (i +b— z-‘rb 1) (a+1 i) (a+1—7)
=1
a (i+b—1) ppliHd=1)
;<b—1>zka+1l __1); b—1 Zkaﬂl
a+b—1 a a+b - i+b— i+b—1 a i a+1—1
—<—1>b( R ARG Sl (i LAl E B T
i=1
(8)
b . n k—j
: i14+a—2 1
T2 - Z(_l)l‘f'l( > Z Z l+a 1 b+1—1
i=1 a—1 k=j+11=1 (+5 - (k—l-j+1)
b . n—j n
: 14+a—2 1
:Z( 1)Z+1< > Z i+a—1 b+1—i
P a—1 l:lk:l]l+”7_1) (k—1—j+1)
b n—j (b+1—1) b . n—1 pp(b+1-1)
=3 (- <Z +a— 2) < ey S (=it <Z +a- 2) Hoi
P a—1 )= (44— 1)itae-l P a—1 — [ita—l
b (b+1 i) n-1 b+1 —17) b Jj (b+1—1)
- +a-2\/H, H i fi+a—2 H
_ _qyii(t _ _q)itl n—l
iZI( ) < a—1 ) ( jz-i—a 1 + Z lz—i—a 1 ) ;( ) a—1 ; lH—a—l
To1 + To,
(9)

where T3y contains all the Type 1 sums. Combination of all the results and using the basic identity
for harmonic numbers

n_opr@) )

H H
> /ka +) k’; = HWHY + Ha+0) (10)
k=1 k=1

leads to the following theorem, which relates Type 2 sums to Type 1 sums.
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Theorem 2.
(b) ntl—j pr (a)

ZHn+k]+Z j-‘rkl:

k=1
b i a . n i
(e S e )+Z e (102 ZfH(aH )
B P a—1 kita-l b—1 Litb—1
a b .
_ Z(_1)2+1 <Z "ib_ b 2) R(a+1 i,5+b— 1) Z(_1)2+1 <Z +a — 2) R(b+1—i,i+a—1)
—1 n

' a—1
=1 =1
a a+b_1 a-t+b o a_|_b_1 atb
R e M L i L
b a
B b—2
GZC—Zil >Cn ilati= 1’b+1_i)_(_1)bz<z_£— ><J 1b+i—1,a+1—14)
=1 po
b T
a z—l—a B B . z—|—b_2 B .
;( a—1 )Cnb—i-l iya+i—1)— (U;( b_1 >Cn(a—|—1 i,b+i—1)

n—

1
a . b .
i+b—2 (i+b-1) _ i+ a—=2\ (ita-1)
_1)b ot H(a+l 7) _1)@ H H(b+l z)
where RSL Y s given in (2).
Since this formula is quite involved, it is worthwhile to state the instance a = b explicitly, which
is more attractive.

Corollary 3.
J H(a) n+l—j H(a)

Zn+k]+z ]-‘rkl:

k=1

a . 1 ry(a+1—17) n— (a+1—1)
_ (_1)i+1 <Z+a_2> |:] Hn—k ] Hn k :|
1

a—1 ki—i—a—l + kz—l—a 1
k=1 k=1

1=
a

. ; -9
_QZ(_l)Hl(Z‘Zal >R£La+1 i,i+a—1) a22<1+a )Cn(a—l—l—i,a—l—i—l)
i=1

a) z7(a@) a) 77(a) af20—1 (24) (2a)
+HWHY + HWHY, - (-1)( . )(H +H™))

a

_(_1)az<i+‘1;2) [Cj_l(a—f—i—1,a+1—i)+Cn—j(a+i—l,a—i—l—i)]

a “fita—2 (i+a—1) rr(a+1—i) (i+a=1) rr(a+1—i)
+ (=S < o )[Hjl H0 4 gD =)
=1

We note that the instance a = 1 is somewhat special, as then the Type 1 sums (the first line
of the righthand side) can be explicitly summed using the reciprocity law for Type 1 sums. Then
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using the special case
1 2
— a 2a
Cn(a,a) = 5(hr?g) — H?) (11)

of (10) we get the second reciprocity law from page 1. For a > 2, this pleasant feature unfortunately
fails to hold. Nevertheless, we can use the identity of Theorem 1 in the form

n—j rr(b) J (a) (0)
Hn—k _ Hn—k’ B Hj—l . 1 + H(b)H(a) 4+ R(a,b)
Pt ka pot kb (n +1— j)a jb(n +1— j)a J n+1—j n

(b) . (a)
;HY, I288
in order to eliminate the sums of type Y ;] —* in terms of the sums of type >, _,

kb
in addition (11) we obtain for instance for a = 2 the identity

. Using

ZHﬁk - +n+21:] J(—2i-)k )
k=1
=@PHP + 1P + B 12 D)+ 2,1+ HY )+ ]24 B 511;;4)
i H]('Q)(j12 N %HJ@)) + H (2, — *H( ) —2H;HY, + HY - ngf_j

J (3)
= =2G1(3,1) = 26a(1,3) — 26G5(3,1). (12)

j—1
H,_
3
k=1
Although such an expression is “shorter,” it doesn’t display the symmetry between j and n+1—j

anymore.

As mentioned in the Introduction, we henceforth try to find a linear combination of Type 2 sums,
which can be explicitly evaluated. To do so, we start with Type 1 sums

; b

wn =y

naj - ka '
k=1

Then by similar arguments as in previous computations, we get

a i+b—2 7,+a 2
(asb (a,b) _ ( b—1 ) a+1 i) (b+1 i) (b4+1—14)
U ,] Un 1,5 — Z k‘a n_ - Z nz+b 1 Jrz anra 1 H o Hn—l—j )
i=1
(13)
Hence by iterating,
. n (a+1 ])
(a,b (a b) i+b—2
U U Z ( b—1 Z k1+b 1
i+a—2 i+a—2 k—1—j
+z(a4)§:MM1—z<w4)§:wﬂl
i=1 j+1 i=1 k=j+1

n H b+1 7,)

a . b .
_ plad) T+ b =2\ (at1-4) gy (itb—1 (i+b—1) i1+a—2
=R 3 (e e e S ()
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. » br1—i
b lita—2\ G HTT K fiva—2\ & HUY
N Z a—1 Z kita—1 Z a—1 —  fita—1
i=1 k=1 i=1 k=j+1
b . n
t1+a—2 1
+ Z < a—1 ) ' (k‘ _ j)b+1—iki+a—1’
=1 k=j+1

where Rg-a’b) is accessible by (2). By using Lemma 1 we get further

b . (b+1—1) b . +1—j4 (1+a 1)
-y ita=-2) ¥ L—Z e ey b*“+n§ i
a—1 kita—1 - a—1 n n+1 j kb+1 7 ?
i=1 k=j+1 =1

and thus
n H(b+1—i)

(@h) _ pad) | N~ (102 lariog (io-1)y N~ (I+a—2
a, _ a, - ll—‘r i (’l+b—1 74+ - - k*l
U = R +Z<b_1yg (HED — H )+Z<a_1> e
i= i=1 k=1
b, j b+1 H b, n
t4+a—2 i14+a—2 1
_Z < a—1 )Z szra 1 +Z < a—1 ) Z (k — j)bt1—ifita=1
' k=1 i=1 k=j+1
b, .
it a—=2\ (iya-1) (b+1-0) tt+a—
SN AR LESIEEES S (a
K3

By changing the roles of a, b and j, n + 1 — j we immediately get

t1-j ppli+a—1)
2 " JH]-l-k 1
Z kb+1—i °

k=1

(b,a) (b,a) i a =2\ pb+1-0) pr(ita-1 (i+a—1)
Un,n+l —7 RnJrl —7 Z < ) n+l—j (H7(1 ) Hn+1fj )
a . n (a+1-1) a . n+l—j py(a+1—i)
Z+b—2 Hk—l Z+b—2 Hk—l
+ Z b—1 Litb—1 Z h—1 Z it+b—1
=1 k=1 =1 k=1
- i+b—2) . 1
+ - —
a . a . (i+b— 1)
I G D S DOE =
=1 1=1 k=1
(a) (a)

. . . _ n 1
For the convience of the reader we introduce the notation Vo, = Zk:j +1 Fa(h—)? where Vi

can be decomposed into harmonic numbers in the following way:

oo 3 1 3 [D VTR ¢ I B e )

? = _ = _ K3 h i + ' a

d a(k — 4)b _3)i+b—1La+1—1 _ \ita—1 b+1—3
k=j+1 ke(k = J) k=j+1 -i=1 (=7) k i—1 (=7) (k—4)

B pr b—1 jitb-l —~\ a-1 jita—1"

(14)

Of course, Vriaj’b) is considered to be a known and explicit quantity.
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This finally leads to the following theorem, in which an explicit evaluation of a linear combination
of Type 2 sums is stated.

Theorem 3.

a . i+b— . n i+a—1

i+b—2\ S Hoh) (i a—2\ " A

Z b—1 Z ka+l—i +Z a—1 Z kb+1z
k=1 i

i=1 =1 k=1
1 () 7(a)
=0 — +HH
Fo+1-50 " mH
a .
i+b— (a+1—1) z+b 1) i+a-— (01— ppli+a=1)

+ bh—1 )H +Z n+1 —J HnJrlfj

i=1

i=1

t+a—2\_ (i+a—1b+1—i) i+b—2\_ (i+b—1,a+1—-i)
(e ey (i

b
i+b—2 , . i+a—2 , .
>Cj(z+b—1,a+1—z)—§1< 01 )Cn+1_j(z+a—l,b+l—z),

where Véz’b) is given by (14).
Again, we offer the more attractive instance a = b explicitly.

Corollary 4.

i+a—1) +1— (i+a—1)
i+a—2 Z]: 7:-5-]?] " ]Hgikal _ 1 S (O)=0)

P 1 a—1 Pt feat1—i fat+1—i - ja(n+1_j)a j n+l—j

L fit+a—2 H(a+1 i)H(i+a—1) lat1=i) pr(i+a=1)
+Z a—1 J J ntl—j “Intl—j

i=1

a .

i+a—2 (i+a—1,a+1—17) (i+a—1,a+1—1)

_Z< a—1 >V,J +Van+1-) }

=1

C lita—2\Tr
_Z< w1 > gj(i+a—1,a+1—i)+§n+1,]~(z’+a—1,a+1—i)].

The instance a = 1 produces the old reciprocity for Type 2 sums by using the simplification (11).
Similarly, the case a = 2 can be written in the form

Hn+k —J J+k 1 Hn+k “Tntk—j J+k 1
> + Z ppetii= Z

k=1 k=1
H? 1 o2 1 1 1 1 1

e R = () Sy g L S (HDN Lo g® a0~ \g®
gl +<j2+(n+1—j)2>Hn + 5 (H) + 28, H + <j+n+1_j) ¢

)

H
+ =g H(4) + 1P B v o, HE) - 2¢(3,1) — 2601-5(3,1). (15)
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4. ALTERNATING HARMONIC NUMBERS AND RECIPROCITY LAWS.

Let H => 1 " denote the alternating counterpart of the general harmonic numbers.
Since we can set up three different linear Euler sums including alterning harmonic numbers

n a n —yla n a
@ 7\ H( )
o k k—1
pRIESE S SR S S
k=1 k=1 k=1
we get two corollaries as an immediate consequence of the general reciprocity.

Corollary 5.

j [{OU ntl—j 7o (—1)n o n 7
k—1 k-1 n—k (O)z7(a) k-1 n—k
Sy a3 e - CI L mOm, S ek,

k=1 k=1 k=1

Corollary 6.

J H(a) n+l—j F(b) (_1)] b) )
_)k-1n—k n—k __ }1(
S S et e e+ Y

There is no third corollary, since we can change the roles of a, b and j, n 4+ 1 — j in Corollary 6.

There exist analogous results to Theorem 2 and Theorem 3 for alternating harmonic numbers,
which can be derived in a similar fashion as the respective theorems themselves. However, since
the resulting formulae are quite involved, we refrain from stating them explicitly.

5. LIMIT RESULTS FROM RECIPROCITY LAWS

We obtain for n =2m + 1, j = m + 1 from Theorem 1

m+1 Hé a) - m+1 Héb) e 1 2m+1 2 (a) -
m+ m+ H m+
; kb ; Lo (m 1)a+b m+1 Z
1 a a, b
= _7(m 1)a+b+H( _)HH()I—i—Rg _3_1,

and by taking the limit m — oo
Theorem 4.

lim
m—0o0

m+1 py(a) m+1 77(b) @ /i
HY H b—2\ . . .
(z:%ﬁlk+§:%sz>:gwxwy+§ CZ—l:%U+b_La+1_”

=1

i+a—2 .
—i—Z( a1 > (i+a—1,0+1—1).

k=1 k=1

For a = b, this looks even more attractive:
m+1 rr(a)

H 1+a—
. 2m+1—k .
W}gnwkzlka Z( ) (i+a—Ta+1—9).
For the alternating harmonic number we introduce the following notation.
= (-t 1-a1 e (=)™~
C(al)12::2:“‘E;;“'=:(1“2 )¢(ar), C(ar,a2) == :E: Ta (16)
n>1 n1>na>1 L
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_1\n1—1 no—1
fara) = Y EUCURT (7)

nn
nip>na>1 1772

where ((1) = log2. Thus we obtain for n = 2m + 1, j = m + 1 from Corollary 5

m+1 -7 (a) +7(b) m 2m+l T

Z(_l)k—1<H2m+1—k 1 H2m+1—kz> _ (—1)2 i _i_ﬁ(azrlH(b)H_i_ Z k 1H2m+1 k
kb ke (m+1)a+b m

k=1

Y

(18)
and by taking the limit m — oo

Theorem 5.
m+1 +7(a) +7(0)
. — Hm — Hm - FNF
Jim 3 (Tt et ) < Gty

1+b—2 . i+a—2\= . ~
_Z< - ) (i+b—1,a+1—1) —Z( o1 )C(l+a—1,b+1—z).

=1

For a = b, this reads

m+1 Hga) - 1-o a ita—2

. k—=112my1-k _ 17 _ (i _ —

AE&Z( 1) x 5¢ (@) Z( L1 ><(z+a La+1—1).
k=1 =1
For Corollary 6 we proceed as before, getting
SHY e NS (0= e B s (i 2) QR H
L __Z b—1 Z( ) Eitbo—1 +Z a—1 Lita—1
k=1 i=1 k=1 i=1 k=1

Now we make use of the basic relation

n (@)  n_ 35

H H a
SO S S = B 4
k=1 k=1

This leads to

n H;blk a itbh—29 n ) - H(a+1 7) b ita—2 n ' - H}gi:rlafl)
ka Z b—1 (=1 Lito—1 Z (=1) Lbri—i
k=1 =1 k=1 = k

a—1
=1 =1
+ Z t+a—2 H(H“ I)H(b+1 1) a+b—1 F(a%)
—\ a-1 a "
For j =m+ 1 and n = 2m + 1 (6) turns into
m+1 (a) m+1 77(b) 2m4-1 77(0)
H. H (_1)m+1
k—112m+1-k 2m+1—k _ 2m+1 3

Z(_l) 77]::b + Z n];a - (m 4 1)a+b + H m+1 - Z
k=1 k=1

and by taking the limit m — oo we get
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Theorem 6.
m+1 (a) m+1 77(b)
: 1 Homga - Hypp1— = a+b—1\=
Jim (S ey Bty 5 et} g - (70 e
k=1 k=1
b . a .
i1+a—2 — i+b—2\ -
) i ta—1 1—d)— +b—Tl,a+1—i
+i:1< a1 )C(z—l—a )C(b+1—1) i:1< b1 >C(z+b sa+1—1)
b J+a—2\=
_;:1( W1 )C(b+1—2,1+a—1).

There are no worthwhile limiting relations coming out of the reciprocity for Type 2 sums.

In the remainder of this section, we state three theorems about the decomposition of ((a,b),
((a,b) and ((a,b) into single valued zeta functions, which could be used for simplifications in the
theorems.

Theorem 7 (D. Borwein, J. M. Borwein and Girgensohn, 1995). For odd weight w = a+b it holds
the following.

oty =c (3 - SH( ) - SR+ e -

[b/2] la/2]
CD D G IR U C D (N O TR SR

a—1
k=1 k=1
where ((1) should be interpreted as zero whenever appearing.

Theorem 8 (Flajolet and Salvy, 1998). For odd weight w = a + b it holds the following.
(1 - (=1)")C(a)¢(b) +¢(w)

Clab) = ) ~ <)
= X (T en e oten s o 2 (T e i,
142k=a k=

where ((0) should be interpreted as 1 and ((1) as zero whenever appearing.

Theorem 9 (Flajolet and Salvy, 1998). For odd weight w = a + b it holds the following.
(=1 = (=1)*)¢(a,b) = (=)™ + (=1)*)¢(w) + (1) ¢ (w) + (1 = (=1)"){(a){(b)
r2 ¥ (" e noen -2 2 (M) oo e,

I+2k=b i+2k=a

where ¢(0) should be interpreted as 1 and ((1) as zero whenever appearing.

6. GENERALIZATIONS

Some of the identities can also be formulated for general sequences. Let (x;), (y;) be arbitrary
well defined sequences. We use the following notation for the partial sums

n n
X, = Zxk, Y, = Zyk
k=1 k=1

Then the general reciprocity can be reformulated as follows.
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Theorem 10.
n+1l—j n—1
ZfﬁkY —k+ Z Yk Xn—k = —TjYnt+1—5 + X;Ynt1 ﬁ-zkan .
k=1 k=1 k=1

For x; = 1/k® and y;, = 1/k® this is just Theorem 1. Note that using the generating functions
X(Z) = ZkZl xk‘zka Y(Z) = Zk>1 ykzk lt hOldS

n—1

mX(2)

k _

Zkan k= ;[ MY (2)[" ]: = [Zn] 1 . Zkan ke

We get the corollarles

Corollary 7.

n—j n—1

ZXkyn K+ ZkaEn k= Xj 1Yn+1—j + Y- 35 5 Ynt1—5 — X Yn+1 -+ ZykzXn k-
k=1 k=1 k=1

Corollary 8.
J J
Z Yo _kzr — Z XiYn—k = Yn-1-;X;.
k=1 k=1

Corollary 9.
n+1—j

n
Z Y178 + Z Xi—jyr = Y Xni1-j.
— k—j+1

Here is the generalization of the basic identity (10).

Lemma 2.
n n n
SV + Y Xk =YaXn + >zt
k=1 k=1 i=1

The formulee for Type 2 sums are of a more subtle nature and depend on the explicit form of the
summands; partial fraction decomposition plays a vital role here, and thus there is no generality.

7. FINDING AND PROVING IDENTITIES WITH SIGMA

Subsequently, we illustrate how the symbolic summation package Sigma [10], implemented in
the computer algebra system Mathematica, can assist us to find identities like the above. First,
we show how one can use Sigma for deriving identities like those in Theorem 1 for specific values
a,b € N. Then given this collection of identities we are able to conjecture the general form with
arbitrary a,b € N. Moreover, we can extract information from our computations that helps us to
prove those identities.

Identities with concrete values a, b. We work out how one can discover identity (1) with the
summation principles presented in [7]. In a first attempt one might try to simplify the left hand
side by indefinite summation: given the summand f(k) = H,_/k, find g(k) € Q(n)(k)(H,—x)
such that the telescoping equation

g(k+1) —g(k) = f(k) (20)
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holds. Then summing this equation over k£ from 1 to j (resp. from 1 to n + 1 — j) would give a

J Hn—k TL+1—] Hn—k
closed form for ) 3, === (resp. for >, 777 ==*).

Since this approach fails, we rewrite the identity to

J n+l—j J n
Hy Hy (Hn—k Hy_o ) Hy
Z k +Z k *Z k n—k+?2 +Z ko

k=1 k=1 k=1 k=1

. _ Hnp  Hgo
Now, given f(k) = Ta—kr3)» We can compute
1
g(k) = — + Hy—1Hp— k12

(k—1)(n—k+2)
such that (20) holds for all 2 < k < j. This gives the closed form evaluation

DR =D FR)+F() =g(+1) =g+ f(1) = —————= + HjHni1-j.

! 1
k=1 k=2 j(n+1-3)

To this end, we simplify the sum R,(ll’l) =3 H']fc"“ . Since telescoping fails, we apply the following

definite summation strategy:
(1) Given f(n,k) := H’};’“, find for some d € N constants cy(n),...,cq(n) € Q(n), free of k, and
g(n, k) € Q(n)(k)(Hp—k) such that the creative telescoping equation

co(n)f(n, k) +er(n)f(n+1,k) + - +ca(n) f(n + d, k) = g(n, k + 1) — g(n, k) (21)

holds for 1 < k < n. We find for d = 2 the solution ¢y(n) =n+1, c1(n) = —(2n+3), ca(n) = n+2,
and g(n, k) = —— é, Hence summing this equation over k from 1 to n produces the recurrence
relation

%

(n+1)2RED — (n+1)2n+3) R + (n+ )(n+2)RVY =2, n>1.
(2) Next, we solve the recurrence by computing the solutions 1 and H, for the homogeneous
version and by finding the particular solution H?2 — H,,(LQ) of the inhomogeneous recurrence itself;
note that the correctness of these solutions can be checked easily. Hence we make the ansatz

S’l) = Hg — HT(L2) + k1 -1+ koH,, with k1, ko € Q. By checking the first initial values it turns out
that ¢; = co =0, i.e., we obtain (3). Summarizing, we have discovered and proven identity (1).

Remark. With the same techniques of indefinite summation (telescoping) and definite summa-
tion (computing a recurrence and solving the recurrence) we can attack, in principle, most of the
identities in Sections 2, 3, 4 for concrete values a,b. We should mention that already for small a, b,
like in (12), (15), the computations get quite involved.

Identities with parameters a,b. In general, finding and proving identities with arbitrary
parameters a in H (a), like in Theorem 1, is out of scope of our algorithmic machinery. Nevertheless,
we can discover the identity in Theorem 1 with a = b if we have a closer look at the presented
computer-proof of identity (1). First observe that

J H(a)k n+l—j H(b)k J H(a)k H}gb)2 n H(b)k
; W ; o _;< kb _(n—k+2)a>+kz::1 i
oY, 2,

for arbitrary a,b > 1. Now we try to solve the telescoping problem (20) with f(k) = —7*— I

for various concrete values a,b € N. As it turns out, we always succeed. Even more, we find the
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general pattern

1 ®) g0
k) = — H,”\H ;
g(n. k) (k—10(n—Fk +2)° +H 1y o
note that the conjectured solution can be easily verified for all 2 < k < n and for all a,b > 1.
Hence, we have discovered and proven

- HV(La*) H(b*) . b a
S (St - o) — et D —a@ 1) = 1R,
k=1

1
(41—

which gives the first line in Theorem 1.

Remark. Similarly, we can find and prove the identities in Lemma 1 and in the Corollar-
ies 1, 2, 5, 6.

(®)
Next, we turn to the second sum R — 1 H,:;’“. E.g., for R = Yop_y f(n, k) we can
compute for d = 3 the solution co(n) = —(n + 1), c1(n) = 17 + 27n + 15n? + 3n3, co(n) =

—43 — 51n — 21n2 — 3n3, ¢3(n) = (3+n)® and g(n, k) = (?;f:jz’)@;(i’;’ﬁ%”;)z for (21); this results

in the recurrence relation

— (n+ 1) n+2)°RE? + (n+ 1)(n + 2)>(17 + 27n + 1502 + 3n*) R

— (n+1)(n+2)2(43+ 51n + 2102 + 3n*) %Y + (n+ 1)(n + 2)2(3 + n)*RZ?)
= —2(542n).

Afterwards, we compute the solutions 1, H7(Z3), H,(f) — HS’) of the homogeneous version plus a
particular solution —1 — HT(L4) — 6HT(L3) + 6Hqg,2) + HT(L2) +4¢,(3,1) of the recurrence itself. Combining
these solutions accordingly gives R, (2,2) = (H,(ZQ))2 — HT(L4) + 4¢,(3,1). Similarly, we find by this
method the closed forms

Ra(3,3) = (HY)® — HO + 6¢a(4,2) +1264(5, 1),

Ro(4,4) = (H)? — H® + 8¢, (5,3) + 2064 (6, 2) + 406, (7, 1),

Ry (5,5) = (HO)? — H1® 410, (6,4) + 30¢,(7,3) 4 706 (8, 2) + 140¢, (9, 1).
Together with (11) this leads to the conjecture

(a,a) Z a)inla—1+i,a+1—1)
=1

for some s;(a) € Nyg. Then using, for example, Sloane’s On-Line Encyclopedia of Integer Se-
quences [9] we can guess that s;(a) = 2(’2‘:2) Summarizing, we can guess identities like in
Theorem 1 (a = b).

But can we also prove them? Unfortunately, we failed to extract any information from these
computations that could assist us in proving Theorem 1 for general a,b. E.g., analyzing several
instances f(n,k) = H, ®) ’./k® with a,b € N we did not find any pattern in the resulting creative
telescoping solution ¢;(n) € Q(n) and g(n, k) € Q(n)(k)(H, ,(Lb)k)

Note that we are more successful if we extend the domain in which we search g(n,k). For
instance, if we take a = b = 1, we can compute the creative telescoping solution

fn+1,k)— f(n, k) =gn,k+1) —g(n,k)
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with g(n, k) = 3% m It is important to mention that the sum $°7 ! 7 has been

1=1 ¢(n+1—1
computed completely automatically; for further information we refer to [6]. Trying further cases

with a,b € N we arrive at the general solution g(n, k) = Zle m, the correctness can be
verified immediately. Consequently, we obtain
n

(@b) _ plab) _ 1
Rt = B ; d(n+1—1)®

which is one the crucial observations to prove Theorem 1.

Remark. Similarly, we can compute the recurrence Ué‘fj?b) - flafi)] = ‘17;:1 m in (13).

8. CONCLUSION

We have demonstrated how a class of nontrivial identities involving sums over harmonic numbers
can be discovered and proved, both, by humans and computers.

Since harmonic numbers are defined as a sum, the objects of this paper are double sums.

It will be the subject of further research to look out for “similar” identities in the world of triple
(and multiple) sums.
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