SUMS OF CHOI, ZORNIG, AND RATHIE — AN ELEMENTARY
APPROACH

HELMUT PRODINGER

ABSTRACT. The sums in the title and any number of similar ones are obtained in a
completely elementary and simple way.

The sum
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has gained a fair amount of attraction, see [1] and the references given therein.
We study here the slightly more general sum
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by completely elementary tools. (n € Nog, m € N.)
There is the alternative formula
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which can be proved using Pfaff’s reflection law, see [2]. But it can also be proved by
an induction on n, which is a simple exercise left to the reader. It is amusing that this

sum (and its alternative) appear also in [3].

This alternative formula is particularly useful if m is close to zero or close to n, since
then the sum can be evaluated in closed form. To wit, let m = n + d, with d € Ny,

then
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Note that for d = 0, the expression in the bracket must be interpreted as 2271 + % (2:),
which is consistent (see [2]).
So we evaluated the sum mentioned in the beginning:
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The paper [1] contains two main results ((1.11) and (1.12) loc. cit.), which go like

this:
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It is easy to generate any number of similar examples — preferably with a computer!
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