IDENTITIES INVOLVING RATIONAL SUMS BY INVERSION AND
PARTIAL FRACTION DECOMPOSITION

HELMUT PRODINGER

ABSTRACT. Identities appearing recently in [2] are treated by inverting them; the resulting
sums are evaluated using partial fraction decomposition, following Wenchang Chu [1]. This
approach produces a general formula, not only special cases.

1. INTRODUCTION

In [2], we find the sums

" /n peq 1 1 B n
Z(k)(_l) (=R 2 22+ (i+j)x+ij  (z+n)¥

k=1 1<i<j<k

Z (k) (—1)*"'complicated(k) = T

k=1

Here, we will discuss an alternative approach to such identities, which will produce the
general formula.

It is based on two principles: inverse pairs and partial fraction decomposition.

[ am sure that many other approaches will also work, but I have chosen one that I find
useful and appealing. Of course, it is not limited to the sums treated in this paper.

2. INVERSE PAIRS

The following inverse relations are well-known:

b, = zn: (’;) (—1)*Lay — a, = En: (Z) (—1)1p.

k=0 k=0
They are also easy to prove, e.g., with the use of exponential generating functions.

So, if we want a “nice” answer, like b,, = m, we must compute

ay = i (Z) (—1)1p,

k=0
to find the “complicated” term.

A technical comment: We will treat z = 0 as a limiting case, otherwise we would have
trouble with by, and we would have to artificially define it as 0.
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The computation of

=2 () w

k=0
(and similar quantities) will be treated in the next section.

3. PARTIAL FRACTION DECOMPOSITION

The following approach is based on [1].
Consider (for n > 1)
n! z
2(z—=1)...(z—n) (x+ 2)?
and perform partial fraction decomposition:

" /n k 1 A 1
T: —1nik‘ N
;(IJ( ) (Jc+k)2z—k+(x+z)2+x+z

Now we multiply this relation by z and let 2 — oo to find

k=1

T .=

This evalutes the sum:

Now

(z— 1):.1.!. z—n) (z —iz)2
(z‘ —1) = (z—n)
(I+z—2) . (n+xz—2)

(=1)"n = (=1)"(x+2)"")-

= (=1)"[(z +2)]

= [

n! i 1
(I+z)...(n+x) —kta

This produces the identity

n k

2 (Z) S (k}) e EEnE

k=1 j=1

This instance was the warm-up for the general instance b, = W

more complicated.

1, Which is not much
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Analogous computations lead to

> (1) e =

with

with

Consequently

lo

31
no 1 Sn,lsn,Z t
(=1)"n = (z-l—n) Z ! 1kl
n /1 4+2l243l34-=d

Theorem 1.

n (n) (_1)k—1 k o 1 Z 32713272 ..
d+1 = (ztn 17,1 1191
1 k (:C + k) ( n ) Iy 20yt Blg b —d ll.lg. L1220
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u 1
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For instance, we recover the formula for d = 2, since

3%71 _'_ STL,Q o Z 1
2 22+ (i 4 j)xr+ij’

1<i<j<n

as one can easily check. The other instance d = 3, given in [2] evaluates here handily as
55 1/6 4 Sn15n,2/2 4 Sn3/3.
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