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Heap ordered trees are planted plane trees, labelled in such a way that the labels always
increase from the root to a leaf. We study two parameters, assuming that p of the n nodes
are selected at random: the size of the ancestor tree of these nodes and the smallest subtree
generated by these nodes. We compute expectation, variance, and also the Gaussian limit
distribution, the latter as an application of Hwang’s quasi-power theorem.

1. Introduction

A heap ordered tree with n nodes (‘size n’) can be described as a planted plane tree together
with a bijection from the nodes to the set {1,...,n}, which is monotonically increasing when
going from the root to the leaves.

Some recent research papers [11, 12] deal with statistics of the height of the nodes in
heap ordered trees. Now, the height of a given node is defined as the number of nodes
lying on the unique path from the root to this node. In this paper we consider a simple
generalization of the height: for p given nodes in a heap ordered tree T we consider the
size of the ancestor tree of these selected nodes. To be more precise, the ancestor tree is
the subtree of T which is spanned by the root and the p chosen nodes and hence it is
defined as the tree containing all ascendants of the p given nodes.

Spanning tree size and the Wiener index for binary search trees have been computed
in [7] and [10]. The Wiener index of a graph is the sum of all distances between pairs of
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Figure 1. All 15 heap ordered trees with 4 nodes

nodes in the graph. It was introduced by the chemist H. Wiener in 1947 [13] in the study
of organic compounds and their molecular graphs. The Wiener index of simply generated
trees has been studied, for example, in the papers by Entringer, Meir, Moon and Szekely
[4] and R. Neininger [8], and has numerous applications in chemistry and combinatorics.

A related parameter of interest is the Steiner distance. The Steiner distance of a graph
is the expected distance of two random nodes in the graph. So, the Steiner distance is a
scaled down version of the Wiener index; in a sense they behave roughly like path length
versus (insertion) depth. For expectations, the concepts are equivalent, but not for higher
moments and the limiting distribution. We consider a natural generalization: instead
of selecting two random nodes and looking at the distance, we consider p randomly
chosen nodes and look at the size of the subtree spanned by these nodes. A different
generalization of the Steiner distance can, for example, be found in [3].

In this paper we aim to compute the expectation and variance for the size of the
ancestor trees and the Steiner distance in heap ordered trees. Also, we will consider the
limiting distributions involved. For the parameters we discuss the distributions turn out
to be Gaussian and we will use Hwang’s quasi-power theorem (see [6]) to determine them.
For the convenience of the reader we include this important theorem here.

Theorem (H. K. Hwang). Let {Q,},>1 be a sequence of integral random variables. Suppose
that the moment-generating function satisfies the asymptotic expression

M,(s) = E(e™) = Y " P{Q, = m}e™ =™ (1 4+ 0(x,")),
m=0
the O-term being uniform for |s| < 1, s € C, t > 0, where
(1) H, = u(s)p(n) + v(s), with u(s) and v(s) analytic for |s| <t and independent of n,
u’(0) # 0,
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Figure 2. A heap ordered tree of size 10 with the two parameters under consideration;
nodes 7 and 10 are labelled

(ii) ¢(n) — oo,
(iif) 1, — o0.

Under these assumptions the distribution of Q, is asymptotically Gaussian:

Q, —u/'(0)p(n) } ( 1 1 )
Pl ———<x, =0(x)+ 0| —+ — |,
1 W+ T o
uniformly with respect to x, x € R. Here ®(x) denotes the distribution function of the
standard normal distribution A7(0,1). Moreover, the mean and variance of Q, satisfy

E(Q,) =4 (0)p(n) +0'(0)+0(i, "), V(Q) =u"(0)p(n) +0"(0)+0(x;,"). O

(We will also use the letters u and v in a different context in the paper, but there is no
chance of confusion.)

For fixed p and n — oo, the expected value of both, the ancestor tree, and the Steiner
distance, are asymptotic to 5logn, the difference being in the smaller order terms. To
apply the quasi-power theorem, an inductive process (w.r.t. p) is used. Part of the difficulty
is that a certain trivariate generating function is only implicitly given, and sufficient
information must be ‘pumped out’ of this implicit equation.

2. Size of the ancestor tree

For a given tree family, let X, , denote the random variable that counts the size of the
ancestor tree of p randomly chosen nodes in a tree of size n and let T, be the number of
trees of size n.

A simple family of increasing trees (which includes heap ordered trees) is defined by
labelled rooted trees in which labels along any branch from the root go in increasing
order; see [2]. For this type of problem, it is natural to consider exponential generating
functions. In this case, by introducing the generating functions

Tn "
T(z) = Z FZ” and G(z,u,v) = Z P{X,, =m}T, (Z) %u”vm,

n>0 n=0,p>0,m>0
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we get the equations

T'(z) = ¢(T(z)) and (%G(z,u,u) =v(1 +uw)o(G(z,u,v)) + (1 —v)o(T(z2)), (2.1)

with initial values T(0) =0 and G(0,u,v) = 0. The first term in (2.1) takes care of the
instance where the root is labelled and the second term accounts for a non-labelled root.
Here the degree-generating function ¢(t) = ano @nt" satisfies ¢; > 0 fori > 1 and ¢¢ > 0.
This function is responsible for the recursive generation of these trees. Here, however, we
are only concerned with the case where each degree can occur with weight one, i.e., with
heap ordered trees. We plan to treat the general case in a future publication.

1

Thus we have ¢(t) = 1, and we obtain the differential equation T'(z) =

0, which gives the well-known formula

T(z)=1—+/1—-2z

for the exponential generating function T(z). By extracting coefficients we obtain the
number of heap ordered trees,

n—1
B _(n—=D!/2n—-2
T, =Jk—1) = T (n—1>'

k=1

%T(Z), T(O) =

The differential equation of interest for G(z,u,v) in the case of heap ordered trees is
thus

0 vl +u) 1—v
229 = TGt T

G(0,u,v) =0, G(z,u, 1) =1—+/1—=2z(1 4+ u).
It turns out that it is advantageous to make the substitution
1— G(z,u,v)

J1—2z

H(z,u,v) =

Then the differential equation becomes

|
H(zu,v) — % Clqo=(1— 2z);—ZH(z,u,u), HO,u,0) = 1.

Using separation of variables we get the implicit solution

1 1 Hzuv) xdx
—log ——— =/ )
2 1—2z =1 x2— (1 —v)x —v(1+u)

and by integration we obtain

o (H(z,u,v) — 1)(H(z,u,v) + )
log 1—2z —10g<1 - vu )
_ 1—v o <1+ 2(H(z,u,v) — 1) >
dou + (1 4+ v)? 8 Vadvu+(1+0v)2+2—(1—0o)
1—v ( 2(H(z,u,v) — 1) >
+—————log|1— . (2.2)
NZTER TR Vit 0t —0 2
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h 1-G(z,up)
J1—2z
resulting equation we let v = 1 and solve for %G(z, u,v)|,_,- We obtain

Now we replace H(z,u,v) wit in (2.2) and differentiate with respect to v. In the

1 1
iG(z,u,v)‘ . =§\/1 —2z— E\/l —2z(1 4 u)

ov
1u(log(2 +u—4z(1 +u) + 2 AT = 2z(T + w))(I — 22)(I + u))
4 JI+u)(T—2z(T+u)
1 2ulog(l+T+u) (2.3)
4\/1+u)(1—2z(1+u))' ’

From (2.3) we can also find 5 G(z,u,v)|v=1, which will be used in Section 3 to compute
the expectation for the Steiner distance; see (3.3). We differentiate equation (2.2) to get

62
220 —G(z,u,v) o
_ 1 B 14+u
NN
2(1+ u)(1 — 22)(1 + ) + 2(1 — 22(1 + w)(1 + u)
+ (4(1 U= JT= 20 =20 )

4(2 +u—4z(14+u) /(1 —2z(1 + u))(l +u) +8(1 —2z(1 +u))(1 +u)/1 -2z
— <10g (24 u—4z(1 +u)+2y/(1 —2z(1 + u)(1 — 22)(1 + u))

—10g(2+u+2~/1+u)) uyl+u

4(1 —2z(1 + u))3/?
Next we consider the (formal) expansions
G(z,u,v) ZG (z,v)u? resp. H(z,u,v) ZHp(zv
p=0 p=0

where our aim is to describe the limiting behaviour of [z"]G,(z,v) uniformly in a
neighbourhood of v =1 and then apply a central limit theorem (Hwang’s quasi-power
theorem) to find the Gaussian limiting distribution of X,,, for fixed p > 1

Obviously we have

Gplz.v)= > ]P’{X,,p—m}Tn<> 0"

n=0,m>=0
Gy(z,v)
Hy(z,v) = ——22L for p>1,
p( ) ey 14
and
1-G
Hy(z,v) = T E(;’ZU).

Since P{X,o =m} =0, we immediately get Go(z,v)=T(z)=1—./1—2z and
Hy(z,v) = 1.
The required expansion for p > 1 is stated as the following lemma.
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Lemma 2.1. For p > 1, the coefficients Hy(z,v) have, around their (only) dominant singu-
larity z = % the expansion

1 log(1 — 2z) )
Hy(z,0) = hy(v) ————7 + O e )
p(z:0) =hylo )(1— 2z)M5 - <(1—2) )

uniformly for |v—1/<e and ¢>0. The coefficient-generating function C(v,x)=
Zp>1 (v)xP of the hy(v) is given implicitly by the equation

vX _ 14v Clvx)
v X

1;L
Clo,x) 1 +v+Cv,x)) ( 1+ 1L+1>)<) ) I

and it holds for

2 /2(p—1
hy(1) = [X"]C(1,x) = _@< (;_ 1 )>,

where C(1,x) = —1 4+ /1 — x and

), x 1 Lt oy
ClLX) = ==+ T e 8\ hce )
X

Thus the expansion for the G,(z,v) for p > 1 is given by

log(1 — 2z) )

1
G zZ,0 =—h UH+O< = H 2.4
P( ) 17( )(1_2Z)p( 21)1 (1_2)( D(v+1)—1 ( )

Proof. To obtain Hi(z,v) and thus G(z,v), we consider (2.2) and compare coefficients
at u®. We get

1] log(l _ (H(z,u,v) — 1)(H(z,u,0) + v))
vu
2
— ] 10g<1 B (Hl(Z,U)u-FO(lldm))(l +v—|—0(u))> _ log<1 _ #Hﬂz,v)),
0 1—v o ( 2(H(z,u,v) — 1) )
4ou + (1 +v)? Vadvou+(1+0v)2+2—(1—0o)

iy 1—v 1 2(H,(z,v)u + O(u?)) )

| log(l-l-
L T (140 /14 gieu+ 140
—0

— )2 (u)) log(1 + O(w) =

1] 1—v 10g<1— 2(H(z,u,v) — 1) )
dvu + (1 +v)? dou+(14+0v)2+1—-v)—2
=[] 1= 21+ 0(u)) 10g<1 _ Azt OW) )
I+v

(14 0)y /14 gu—1—v

(W) log(l I e+ O(u)) _1-v log(l - 1ﬂhrl(z,u)),
v 14+v v

= [uo
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1 2 1+v
log(E> = 1 To 10g<1 — THl(Z,U)),
which gives

H(z,0) = — (1 ( ! ) and Gi(z,v) = ‘1_2ZU(( ! _1>.

and further

v+l

1+v 1—-2z)7 1+v 1—22)2
Therefore the asymptotic expansion given above holds for p = 1 (although the bound for
the remainder term is not tight here) with h(v) = —¢{; and thus the stated formula for

hy(1) is also valid for p = 1.

Now we assume that the lemma for H;(z,v) resp. Gi(z,v) is true for all 1 <[ < p, and
we will show that it then also holds for p + 1. To prove the result for H,1(z,v), we will
consider the coefficients of u” in the equation (2.2).

For the first term in (2.2), we use the expansion

log<1 _ (H(z,u,v) = 1)(H(z,u,v) -I-U)) = log<1 - #Hﬁz,v)) +log(1 — H(z,u,v)),

vu
with
H(z,u,v) ZH(Z v)u
I>1
_ 1 Al ((H(z,u,v)—1)(H(z,u,v)+v)_ 1+UH](Z,U)>.
1 — = H(z,v) vu v
We then get
[up] log(l _ (H(Za u,v) - 1)(H(Za u,l]) + U))
vu
:—Z Z HH‘ z,0)
= p|+ +pj=ppi=1 i=1
_ BHpa(zo) 3 H(z o) Hp (2 0) zpzl Z ﬁﬁ (2.0)
- 1+v 1+v . pi\“> V)
1— %Hl(z,v) 11— %Hl(Z,U) P "
pi=1
where
- { { :
Hi(z,v) = %; ((1 +v)H41(z,0) + ;Hk(zsU)Hl-&-lk(zaU)) .

Under the assumptions of the lemma we now obtain, for 1 <[ < p—1, around the
dominant singularity z = % in a neighbourhood of v = 1, the uniform expansion

= (( L) +52L=1hk(v)hl+1_k(v)+ <log(1—2z)>>

ll+1}lt,+1 (I+1)(v+1) l(v+1)
1 —2z) (1 —2z)"5

(1—2z)>
1 1(:+1) +0( log(l _uzlﬁn)
(I-2z)> (1—2z)

Hi(z,v) = (1 =2z

= Iy(v)
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where

t:l»—n

hi(v) =

l
((Hrv)hm ©) + Y b ()10 ))

k=1
With the abbreviations

H 7 2(H -1
H(z,u,v) = ZHI(Z,U)L[I _ (H(z,u,v) — 1) )
1>1 4vu+(1+02+2—(1_v

bi(v) =
\/4vu+(1+v P +2— l—v

1

4v
\/ 1+ 1+b)’u

we get the expansion

ar(v) = [u]

uP

] 1—v o ( 2(H(z,u,v) — 1) >
W VA (0P 2=

(—1)y*t! Z H Al (2.0)

NS
1+ = J ki+thj=k =1

ki>1

1 — v g (—1)i! L.
:1+ZZ( j) 2 UH’)[(ZU)

=1 pitp=p i=1
pizl
k ; j
=22 (—1)it! ~
TP IUSICDY ; > J[Huzw),

for the coefficients of the second term in (2.2) where

1(z,v) = ZHk zZ, v)bl k().

Under the assumptions of the lemma we obtain, for 1 < [ < p, the uniform expansion

!
hi(v log(1 — 2z) ~
i1(z,v) — + 0| ————— bi—k(v)
2(1—222” ((1—2)“(1 o

—~ 1 log(1 — 2z)
= h,(v)—,“-m + 0( () )
(1—2z) 2 (1—=2z) 2

where

~ 1
hi(v) = = th(v)-

Finally, for the third term in (2.2) we use the expansion

1—v log(l— (H(z,u,v) — 1) )
4ou + (1 +v)? dou+(14+v)2+1—-v)—2

= 1_Ulog<1 — 1—H]Hl(z,v)> + Ll og(1—H(z,u,v)),
4ou+ (1 +v)? v Vavu + (1 +v)?
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with
H(z,u,v) = Z Hi(z,v)u

I>1
1 2(H —1 1
= [N ( (Hiz,u0) — 1) — +UH1(Z’U))~
1— Hi(z,v) \/4vou+ (1 +0v)2+(1 —v) —

Further, we use the abbreviations

o o1 (o) = [ 2u
av) = [u] p—— 1v) [u]\/ém—l-(l—v)_

We get the expansion

[up]l;vlo <1 B 2(H(z,u,v) — 1) )
VA s L op o\ VAt (Lo (- o) -2

- |
- Zap(v)log(l _ #Hﬂ,@)
|

k=1 j=1 ki+4ki=k i=1
ki1
1—v 1+v 1—v ™H, (z,0)
— Y wlog(1— " H _ :
1+Uap(v) og( v I(Z’U)> I+ov1—B0H(z, v)
—v Zk ()Hk+1(z U)bp k(v
H
1+U 1— 1J_FUH1(ZU 1+UZ Z H p,(ZU
v p1+ +1]7, p =1
piz

p— k Jj
h Sa0Y s Y [[Fuo,
k=1 j=1

Kyt tkj=k i=1
ki1

~.

where

I
! > Hisi(2,0)bi4(v).

H(izoo)= —F———
l( ) 1—#}11(2,0) k=0

Now, under the assumptions of the lemma, we obtain, for 1 <[ < p — 1, the uniform
expansion

1

ﬁl(z,v) = (1 — 22)% Z(% + 0 <(110g_(22)£i),>)51k(v)

= El( ) 1 Ilz+1 + O< log(l _121i31)>
(1—2z)"5" (1—2z)

where

hi(v) = Uh1+1(U)-
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Comparing coefficients leads to the following equation for H,i(z,v):

2 1
v1—12H(z,v)

IZ Hi(z,v)H, (z,v) L I
SR e e e By DB | LI
- 1+L pi\%>
1— =tH(z,0v) Jp1++p]p11
pizl

Hp-H(Z’U)

1 — 0 3020 His1(2,0)byie(v)
1+v 1—#H1(Z,U)

1—v_ 140
1 +Uap(v)10g(1 — THl(z,v)) —

piz
1—v 2 1 U
1 @Y = Y. [[HuGo)
k=1 =1/ kit tkj=k =1
ki1
The asymptotic expansion
1 log(l — 2z)
Hpy1(z,0) = hp11(v) T 0( % (255)

p+ p+ (1 _22)(“5 ) (1_22) 2Jrl

follows by inspection, where

By (0)= 3 —fzhkw pii w)—z > th,(v (2:6)

p1+ +pj=p i=1
pi=1
1—o<a (1) / g I
OSSP O | CXERS = O S SIS | X
p1+"'+p_/—P i= =2 pi1+- p‘ i=1
pi=1 pi=1

and this part of the lemma is proved. The expansion of G,(z,v) given in (2.4) follows
immediately. It should be remarked that this detailed inductive description of Hp4(z,v)
also proves that the assumptions necessary for the application of singularity analysis
are satisfled. The logarithmic remainder term appears for p =2 owing to log(l —
M0 Hy(z,0)) = —%! log(1 — 2z), and thus also for p > 2.

To get an equation for the coefficient generating function C(v,x) = Zp>1 hy(v)xP one
could of course use equation (2.6), but it follows much more easily direct from (2.2), when



On Some Parameters in Heap Ordered Trees 687

considering which terms give contributions to the main term of H,(z,v). Then we get

( e (1 + v+ Cv,x)) — (v + l)hl(U)>
log(1——%

v
1—v C(U,X) 1—v 1+U C(U,X)
— log| 1 1 1 cwx) _o
I+v Og<+1+v>+1+u og< v ( X 1(v) \
or
i
Cw,x)1+v+C(,x) 14 SLx) T .
vX T\ Tmcwy | (2.7)
We easily obtain from (2.7) the equation w — —1, which gives

C(l,x)=—14++1—x and
2 2(p—1)
hy(1) = [x"]1C(1,x) = _4Pp< p—1 ), forp > 1. (2.8)

This completes the proof of the lemma. Ul

Using singularity analysis, we immediately get from the above lemma the following
expansion, which is uniform for [v — 1| < e and ¢ > 0,

Z P{X,, =mp" =

n!
m=0 (Z) Tn
plhy(v)2 /T - 1
(=" o=
—1 —2:{ !
=exp pe—1) logn + log idy }i”(v)
2 ()

where we have used the asymptotic expansion for the number

1n—1,—3
T, — n!2" " n72 140 1
Jr n
of heap ordered trees.

With the notations of the quasi-power theorem, we get

us) = PC =D and (s = log(—L ”ph(e)>.

2 [ (HeEi-T)

[2"]Gp(z,v)

(o))

To apply the quasi- power theorem, we need v(s) to be analytic around s = 0, which is
true, since hy(1) = 4n,,( (r— 1)) +£0.
Further, we have
u/(s) — ges, M”(S) _ ges, thus u/(()) _ g’ u”(O) _ g

Therefore we get the following theorem.
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Theorem 2.2. The distribution of the random variable X, ,, which counts the size of the
ancestor tree of p randomly chosen nodes in a random heap ordered tree of size n, is for

> 1 asymptotically Gaussian, where the convergence rate is of order O( \/logn) that is,

p) Koo —logn O )+0< ! >
— 2 <x,=P(x — ),
/5 logn Jlogn

and the expectation E,, = E(X,,) and the variance V,, = V(X,,) satisfy

1

1—¢ |°

1

11;)' O

Remark. By inspection we can get the following expansions:

E,,= g logn +v'(0) + 0 (n

=Elogn+v”(0)+0<
2 n

0 L Qi—2)! 1 1
14 p+i z 1
5, 6z w0 ’ _ Z( VP =V ohia =212 °81=2;

+Zb(p pr 1/2

The computation of the b;(p)s is cumbersome as they become increasingly involved.
However, we were able to obtain b;(p) and b,(p) explicitly:

bi(p) = 27" (2;) (Hy —H,),

ba(p) = —Hap-1 (22” + % (2" , 2) = (2;’ :f)) + Z(p +1—k) (2” 2) Hape1.

The constant v'(0) in the expectation can also be computed. We get

C @ p P+ —1 () po(2p—1
v'(s) = Zp(es) —Ee‘P(f) thus U(O)_hi(l)_zl{’< 5 >

Here W(x) denotes the digamma function W(x) = (logI'(x))’. For properties of this
function we refer the reader to [1]. There remains the calculation of h;(l) = [xF]Cy(1, x).
We get the equation

C(1,x) X 14+ <G
v H = 1
GlX) = ==+ 105 i) Og( EYSIE)

v J1=x—1
J1—x—1 X 10g<1+ 5 > (29)

= +
2 4.1 — x _2:{1—5—1
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To extract coefficients, we consider
1+ 1= \ >]

22
I e Y
and we find with Lemma 2.3 (below)
=g, (7)) - i Z ()
- (25;_—11)) 43 (2;p_ 1 )) (Hap»— Hy 1)

1 20—\ (1
- _E< (pp_ 1 )) (1_7 +2(Hyp> — Hp—l))- (2.10)

However, the way (2.9) is expressed is ungainly and the substitution x = (11’02 is useful

for the following computations:
2t 1 t
1,x)= 1 —
Glx) =15 Og(1+t) 14t
212 + 1) (1 2t 1 t
Co(l,x) = ————"—1 1 .
o) = =0 503 ¢ \T3) T o) Tioe

Lemma 2.3.

> 5 ( >j=210g(#>y

j>1

2Ap—=1-=1) 2p—=1)
u)Z H Gl [ Gl I Gy [ )
Proof. (i) It is easier to prove the equivalent result
25\ 1—J1—4
(7))
j dz 2z

izl
_ 4 _2_1{ ! _1}
T4 T—4z) =z z|1-4 |

Now, it is well known that

20t
S \J 1—4z7

> ()l
S\J z | J1—4z ’

which proves the first part of the lemma.

and thus
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(ii) We use the substitution

z= " , dz=1_4udu, \/1—4z=1_u,

(1 + u)? (1+u)p 1+u

to simplify the given summation as follows:

pll(2j><2(p—1—j)> ] (1—«/1—42)2
— j\J p—1—j \/ — 4z 2z

Jj=1
1 (1+ u)2p 2
T 2mi
= [ '2(1 + u)2”_2 log(1 + u)

= Pl 20 g )

(]

2log(1 + u)du

=2(—1) <p_ 1>(H—p H—2p+1)

:2(2; 2>(H2p2 H, ). 0

We can determine the constant term v/(0) in the asymptotic expansion of the expectation
E,, given above:

1 p—1
00) = 5+ ity — ) = 5 ()
1 p 1 p p
=3 +p(Hyp—2— Hp1) — 3 <2H2p2 —H, |+ LP(E)) = _EH” + 77 + plog2.

Next we compute v”(0) in the variance. We obtain

h//( ) 2s h/p(es)es B (h;(es))ZeZS

v"(s) = ) Iy(e") hlz,(es)
P oo (PE@+1)—1\ p* 5 (ple+1)—1
—z“’<z)—4e T(z)’
" _h”(l) (1) (h/(l))2 p 2p—1 p2 (2p—1
YO=3 0 o T mD 2 ( 2 )‘TP< 2 )

Firstly, we are required to calculate (1) = [xP]Cy,(1, x), namely

20(¢* + 1) (1 o | .
] <_(1 i+ 8 (1 +t) TR <1—+t> + m) (2.11)

We confine ourselves to considering the first few terms only. From the series expansion
of (2.11) we can produce the local expansion around the dominant singularity x = 1 and
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Figure 3. The probability distributions of the ancestor tree for n =30, p=1,..., 20

use singularity analysis [5]:

2
i = 001 =520 =02 (5= 2 a -0 o)

2 4
26 s _
_ _log 2 (=3/2 n 1 log2 1/2 + o), (2.12)
4 P 2 4 p
From this it follows that
1 5 1 15 1
” _ - _ - - - 2 —1
v"(0) = 2plogp-l—p(log2 4) + g log2 + T log=2+0(p™). (2.13)

3. The Steiner distance

An analogous approach works for the Steiner distance. Here Y, , will denote the random
variable that counts the Steiner distance of p randomly chosen nodes in a tree of size n
of a given tree family.
For increasing trees we get, by introducing the generating function
F _ - n\z" o
(z,u,0) = Z P{Y,, =m}T, (p) U

n>20,p>0,m>0

the equation

R u0) = (TENFE10) + Gl ) 00 (TE)GE 1) — (1 =g (TE)TE)
(3.1)
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with initial value F(0,u,v) = 0. The generating functions T'(z) and G(z,u,v) are as defined
in Section 2. The first two terms in (3.1) arise when the root is labelled and the last two
terms represent the corrections arising when the root is not labelled.

In this paper we only look at ¢(t) = - -, which is the special case of heap ordered trees.
Therefore the Steiner distance requires the study of the differential equation

0 0 1 v 1—v
a—zF(z,u,v) = 6_ZG(Z’M’U)+F(Z’M’U)E — G(z,u,v)1 —, E(I —J1—=2z).

This is a first-order differential equation. We solve for F(z,u,v) and get

F(z,u,v) =

1 v 1—v
m/«/ [ G(t,u,v) G(t,u,v)l_zt—l_m]dt. (3.2)

For the expectation we differentiate F(z,u,v) with respect to v and let v = 1, to obtain

P 1 y 62 1
_ = —— A/ —2t _G ta gl ‘
6UF(Z,M’U)L=1 m/ 1 {51)0[ ( u U) = v=11—2t
0
1— JT=2i1+u) 1 ]
— + dr, 33
1—2t 1—J1—2t -

since G(z,u,v)|,_; =1 — /1 —2z(1 +u). This integration is cumbersome, so instead of
performing it we find the coefficients u” in (3.3) and then we consider the dominant term

z 02
1 =2t {MGP(I’ U)’vzl

"] %F(z, “, v)‘

1
= [u']
v=1 \/1—220

d 1 1— JT=2t(T +u) 1
_%G”(t’”)’v:n—zt - 1— 2t T —2t]dt
_(php(l)log(1—2z)_ hy(1) Iy (1) )
B (1—2z)p-1/2 (1—=2z)p=12 " (1 =2z)1/2

+O<(10g(1—22)) s /1_ ﬁzzlﬂrd 34)

1— 220372 JT—2t

where h,(1) and h),(1) were computed in (2.8) and (2.10) respectively. It is not difficult to
see that

. 1 /1— W—zx(uu)dt:o( 1 )
«/1—220 J1=2t (1—=2zp-12 )7

therefore the main contribution comes from ph,(1)log(1 —2z)/(1 — 2z)P—172,
We find the expected value of the Steiner distance, E(Y,,), by dividing (3.4) by our

gl ; and then reading off the coefficient of z" in the

normalizing constant (;) T30
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resulting equation. Firstly, looking at the dominant term in (3.4), we see that

()13 2n—=3) phy(1)log(1 —22)

np [ ]

n! (1 —2r)p—1/2
N3 2n—3) —p= (2" log(l — 2z
qu@ (2n—3) —p (*)-)") log( ) Piogn 6s)
n! (1 —2z)-1/2 2
since we have
[z”]; log(1 —2z) = —2"[z"] ! lo !
(1— 212 % - A—zp12 81—
n+p—3/2
= —2”( pn / )(Hn+p3/2 —H,_3))
np—3/2
—2"———-logn (n— oo, p fixed),
I'(p— 5)

P
as well as m ~ 27 Jmand () ~ o
To obtain limiting theorems for the dlstnbutlon of Y,,, we want to apply the quasi-
power theorem again and will therefore require for [v — 1| < ¢ a uniform expansion of
Fy(z,v) = [uP]F(z,u,v) around the dominant singularity z = % From equation (3.2) we
immediately obtain

Fy(z,v) =

v
1_2/ NG 2t< (60)— E@,(t,v))dt. (3.6)

We will now use the following more detailed expansion of G,(z,v), which follows from
the proof of Lemma 2.1:

Gp(z,v)=—h,(v)

pl+1)

(1—22)"5
log/(1 —2z)
D il WWL%OO( )1 =2z
1<k<p—1, -
0<j<p—k

This is also used to obtain the bound for the remainder term given below.
The integrand in (3.6) is then given by

0 v
\/1 — 2t<aGl,(t,U) — EGP(I,U)>
ey (v)(plv+1)—1) vhy(v) log(1 — 21)
= B < PeHTI + [IESES] +0 (1—_1)“7“,“

2) (1_2) —21?)“7
__h@e=De+1) L0 log(1 —21)
(1_2) 1+1 (1_2){p1(1+1)

and thus, for p > 2, we get the expansion

hy(@)(p — D)(v + 1) 1 +0< log(1 — 2z) )
(

F,(z,v) = gy
=) plo+1)=2 (1 —27)"5 1—2z)=
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Using singularity analysis to extract coefficients leads to

n hy()(p —1)(v + 1) o 1
[z"Fp(z,0) = —-L po+1)—2  r(puth-l) (1 +0(F)>’

and furthermore

n!
D P(Yy = mp" = S ["1F)(z,0)
m=0 (;l’) Tn

Z_Qﬁp!(p—l)(v-i-l)hp(v)n””z”(1+0< ! ))
nl—¢ :

L= (pw + 1) —2)

With the notation used in the quasi-power theorem, we have

_ple—1) _ =2 /mpl(p — 1)(e* — l)hp(es)>
u(s) = 2 ’ v(s) 10g< r(p(ele)—l )(p(es +1)—2) ’
which gives
o =% wo="=

For p > 2, v(1) # 0 since hy(1) < 0 and thus the quasi-power theorem is applicable. On
the other hand, for p =1 we know a priori, from the combinatorial description, that
P{Y, =1} =1forn>1.

For the constant v'(0) in the expectation E,, = E(Y,,) we compute

v'(s) = {log(es +1) + log(y(e")) — log(p(e* + 1) — 2) — log r(ﬂeﬂ)—l) ]

2
_ e hy(e)et pe' ey (pEet+ -1
e+ 1 hy(ef)  ples+1)—2 2 2 ’
and further
k() p_/2p—1 1 p p 1
0)=-2" Py _ = PH 4+ Py plog2—
YO=5,m 2 ( 2 ) 2p—1) 2ttt T

We note that this gives us the expected value with higher accuracy than (3.5) and it
leads to the following theorem.

Theorem 3.1. The distribution of the random variable Y,,, which counts the Steiner dis-

tance of p randomly chosen nodes in a random heap ordered tree of size n, is for p > 2

asymptotically Gaussian, where the convergence rate is of order O(E), that is,

Y, £lo 1
P{"”p72gn<x}=q)(x)+0< >,
\/5logn Jlogn
and the expectation E,, = E(Y,,) and variance V,, = V(X,,) satisfy

p P 1 1
—H,+ = log2 — —— —
3 p+2y+pog 2(p—1)+0< >

p
En,p = S logn— nl—e

2

1
Vip = g logn + U”(O) +0 (nle > u



On Some Parameters in Heap Ordered Trees 695

0.25 |

02

5 10 15 20 25 30
X

"

Figure 4. The probability distributions of the Steiner distance for n =30, p=2,..., 20

For the proof, it remains to discuss the variance. Since we have obtained the variance
of the size of the ancestor tree in (2.13), we can easily get the variance of the Steiner
distance. It follows that

Sy = C & e ee  ((e)ye
es + 1 es + 1 hp(es) hp(es) hz(es)
pe’ pzezs

T +D)—2 " e +)=2p

pe’  (pef+1)—1 pre®  (pef+1)—1
Py _Pry
) ( ) 3 ) :

where h7(1) is given by (2.11), and furthermore

pon 30 () (1) (1) p p?
vo= 4t hZ(l) - hi(l) B i%(l) C20p—1) + 4p—1)

Py(2p—1\ Py (2p—1
Ly Py
2 ( 2 ) 4 2

5 1 23 1
= _glogp+p(log2— —) + -log2+ = — —log’2+0(p™ ).

4 8 16 4
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