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ABSTRACT. In this work we consider weighted lattice paths in the quarter plane Ny x Nj.
The steps are given by (m,n) — (m — 1,n), (m,n) — (m,n — 1) and are weighted as
follows: (m,n) — (m —1,n) by m/(m+ n) and step (m,n) — (m,n—1) by n/(m+n).
The considered lattice paths are absorbed at lines y = x:/t — s/t with t € Nand s € Ny. We
provide explicit formula for the sum of the weights of paths, starting at (m,n), which are
absorbed at a certain height k at lines y = x/t—s/t with t € Nand s € Ny, using a generating
functions approach and the kernel method. Furthermore these weighted lattice paths can
be interpreted as probability distributions arising in the context of Pdlya-Eggenberger urn
models, more precisely, the lattice paths are sample paths of the well known sampling without
replacement urn. We provide limiting distribution results for the underlying random variable,
surprisingly obtaining a total of five phase changes.

1. INTRODUCTION

1.1. Lattice paths. Let S C Ny x N denote a set of lattice points in the quarter plane'. We
consider lattice paths with steps (m,n) — (m — 1,n) and (m,n) — (m,n — 1), starting at
(m,n) € S. The steps are weighted as follows: step (m,n) — (m — 1,n) is weighted by
m/(m + n) and step (m,n) — (m,n — 1) is weighted by n/(m + n). We are interested in
weighted lattice paths starting at (m,n) € S, which touch or cross a certain line y = f(x)
at height k, with 0 < £ <nand § = S, suitably defined. We consider the following types
of lines: y = x/t — s/t, with t € N and s € Ny. In this case we have S = {(m,n) |m >
tn+s,n € Ng}. We are interested in the sum of the weights of all paths starting at (m,n) € S
and touching y = x/t — s/t at height k, with 0 < k& < n, not touching the line y before,
which we call absorption at line .

From a probabilistic point of view we can interpret the desired numbers as probability
distributions of a random variable X, ,, which can be described as follows. A particle is

Date: April 11, 2008.

2000 Mathematics Subject Classification. 05A15, 60C05.

Key words and phrases. Lattice paths, Sampling without replacement, urn models, kernel method, Lévy
distribution.

This work was supported by the Austrian Science Foundation FWF, grant S9608-N13 and by the South
African Science Foundation NRF, grant 2053748. The second author wants to thank the Department of Math-
ematical Sciences, University of Stellenbosch, for its support and hospitality during a research visit, where a
part of this work has been carried out.

1Throughout this work we use the notations N := {1,2,3,...} and Ng := {0,1,2,... }.

1



2 M. KUBA, A. PANHOLZER, AND H. PRODINGER

located at a certain point (m,n) € S, and moves randomly to the left or downwards with
probabilities depending on the actual position:

" P{mn) — (mon -1} = —

P{(m,n) = (m —1,n)} =

m+n m+n

The random variable X, ,, describes the height £ at which a particle starting at (m,n) is
absorbed, i.e., where it is touching or crossing a line y = f(x) for the first time. The searched
probability P{X,, ,, = k} is then equal to the sum of the weights of all lattice paths, starting
at (m,n), which touch or cross the line y = f(z) at height k. We can also formulate this
problem in the context of certain urn models.

1.2. Pélya-Eggenberger urn models and the sampling without replacement urn. Pélya-
Eggenberger urn models are defined as follows. We start with an urn containing n white balls
and m black balls. The evolution of the urn occurs in discrete time steps. At every step a
ball is chosen at random from the urn. The color of the ball is inspected and then the ball is
reinserted into the urn. According to the observed color of the ball, balls are added/removed
due to the following rules. If we have chosen a white ball, we put into the urn a white balls
and b black balls, but if we have chosen a black ball, we put into the urn ¢ white balls and d
black balls. The values a, b, c,d € Z are fixed integer values and the urn model is specified
by the 2 x 2 ball replacement matrix M = (‘; Z)

One of the most fundamental urn models is the so-called sampling without replacement
urn, associated with the ball replacement matrix M = ( oY ) . In this urn model a parame-
ter of interested is the number X, ,, of remaining white balls, after all black balls have been
removed, starting with n white and m black balls. The formal setting is as follows. We have
a state space S, which is given by S := {(m,n) | m,n € Ny}. Further we have a set of

absorbing states A := {(0,n) | n € Ny}, where the evolution of the urn stops.

The problem of absorption at line y can also be formulated in the context of Pdlya-
Eggenberger urn models, where the state space S and the set of absorbing states A are
suituably modified. E. g. for y = x/t— s/t we consider a sampling urn with ball replacement
matrix M = (' % ), where the state space is given by S = {(m,n) | m > tn+s,n € Ny}
and the set of absorbing states by A = {(tm + s, m) | m € Ny}.
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FIGURE 1. Sample paths for absorption at x = 0, y = z and y = x /2.
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1.3. Motivation and related work. The main motivation for this study is to combine the
different areas of lattice path enumeration, see, i.e., Mohanty [10], Banderier and Flajolet
[2] and Pélya-Eggenberger urn models, see Flajolet et al. [3], [4], and Hwang et al. [7].
Interestingly, for the weighted lattice paths and absorbing lines studied, we obtain closed
formule for the probability of absorption at height k. This explicit results also allows a
detailed study of the limiting behaviour of the random variable X, ,,. We could completely
characterize the limit laws of X, ,, and phase changes appearing depending on the growth
behaviour of m and n of the starting point (m, n).

The problem studied was also motivated by a combinatorial game involving card guessing,
which has been analyzed by Levasseur [8], Zagier [13], Sulanke [12] and Knopfmacher and
Prodinger [6]. One starts with a deck consisting of m red and n black cards. A guess is
made as to the color of the top card, after which it is revealed and discarded. To maximize
the number of correct guesses one chooses the color corresponding to the majority of cards
remaining in the deck. We will revisit this problem and provide limiting distribution results.

Our analysis is based on a generating functions approach: we will derive functional equa-
tions for suitably defined generating functions and use then the kernel method (see Prodinger
[11] for a survey about this method, and, i.e., the works of Banderier et al. [2], [1] for ap-
plications) in order to obtain explicit formula for the probability functions of the considered
random variables.

1.4. Results. Here we collect the exact and asymptotic results obtained for the weighted
lattice paths studied.

Theorem 1. The probability P{X,,,, = k} that a particle starting at (m,n) is absorbed on
the line y = x/t — s/t at height k is given by the following explicit formula:

k n—k n—k—1
(") ’

form >tn+sand 0 < k <n,witht € N, s € Ny.

(t+1)k+s < m4n—1—s—(t+1)k —t m4n—1—s—(t+1)k )
s (0 ) - )

In the next theorem we state the obtained limiting distribution results of X, ,,, depending
on the growth of m and n, for absorbing lines y = =/t — s/t, witht € N, s € Ny fixed. We

. c . C

use here the notation Y;,, — Y for the weak convergence, i.e., the convergence in distribution,
. . c

of a sequence of random variables Y,, to a random variable Y. Furthermore we use Y = Z

for the equality in distribution of two random variables Y and Z.

Theorem 2. The limiting distribution behaviour of X, ,, is, for m — oo and depending on

the growth of n = n(m), described as follows.

(1) n = o(m): The random variable X, ,, is asymptotically zero, as m tends to infinity:
(m—s—tn) (7:)

P{ X = 0} = (m+n—-s)("")

— 1.
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(2) n ~ pm, such that 0 < p < % The random variable X,, , weakly converges to a
discrete random variable X ,:

c : o L1—tp ((t+1Dk+s P
X = X,, with P{Xp—k}—m-( I 1+ p)Ekes” k> 0.

(3) n ~ =, such that n = = — 3 — {, with m = o((?): The scaled random variable

i—t;Xmm is asymptotically Gamma distributed:

0*t?
X S X, with X £ (
m

1 2(t+ 1))
2 Y t 9

where y(k, 8) denotes a Gamma distribution with shape parameter k and scale pa-
rameter 0. The density f(x) of X is given by

_ vi DR
f@%j%m:3Va@e<>, > 0.

(4) n ~ T, such thatn = % — 3 — {, with { ~ p\/m and p > 0: The scaled random

variable %Xmm weakly converges to X ,:

2t22

t .
P ce THID, )<z < 1)
2

2z (14 t)(1 — x)

(5) n ~ %, such that n = %t — 3 — {, with { — oo and { = o(/m): The shifted and
scaled random variable Z%(% — Xon.n) is asymptotically Lévy distributed:

t
—Xomn £ X,, withdensity f,(z)=
m

1 ,m c ‘ o ‘
6_2 (7 - Xm,n) — )(7 with X = Levy<H__1>’
where Lévy(c) denotes a Lévy distribution with parameter c. The density f(x) of X

is given by

\/% t

flz)= e =) x> 0.
( V2 (t+ 1)a?

6) n ~ %, such that n ~ % — § — {, with { € N fixed: The shifted random variable
% — 3 — X0 weakly converges to Xy:

m s c , tt t+1)k—0—1\/¢
T—Z—Xmm—)Xg, Wllh P{X(Zk}:W<< Z‘—f )E’ kzg
Remark 1. The Lévy distribution is a stable distribution. It is a special case of the Lévy
skew alpha-stable distribution, which does not generally have an analytically expressible
probability density. Furthermore the moments of the Lévy distribution do not exist. Hence,
for n ~ m/t, such that n = m/t — s/t — ¢, with ¢ — oo and ¢ = o(y/m), the random
variable (m/t — X, ,)/¢* converges in distribution, but without convergence of any integer
moment.
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2. LINESy = z/t — s/t, WITHt € N, s € Ny

2.1. Recurrences. Let ., ,(v) = >, P{Xnn = k}v" denote the probability generating
function of X, ,,, where X, ,, = Xm,n(s, t). We usually drop the dependence of X, ,, on s
and ¢ for the sake of simplicity. By using the basic decomposition of the paths according to
the first step and taking into account the absorbing lines, the problem can be translated into
the following recurrence:

m

Om—1,n(V) + Omn-1(v), form>tn+s, n>1,

m+n ’ m+n
Otmrsm(v) =0™, form >0, Ymo(v) =1, form > s.

Pmn(v) =

This recurrence will be treated by the introducing the normalized functions

(@) = (") )

m

We obtain
D,y (V) = P10 (V) + Pr o1 (v), form >tn+s>1, (1a)

Busam(v) = ((t +1)m—+s

>vm, for m > 0, ®,,0(v) =1, form>s. (1b)
m

2.2. Generating functions. We introduce the trivariate generating function

ZUU § § (I)mn mmtns’

n>0 m>tn+s

and also ¢ + 1 auxiliary functions Fj,(z,v) defined by

v) = Z Dy sipn (V)2 for 0 < k<t
n>0

Due to (1b) the generating function Fy(z,v) is already known:
t+1
Fo(Z,U) — 55 E :(I)thrs,n(U)Ztn — 55 2 : (( + )n + S) (Uzt)n. (2)
n
n>0 n>0

Using (1a) we obtain the following functional equation for F'(z, u, v):

1 1
(1—2z2u——)F(z,u,v)=(1-— " VFo(z,v) — Zukazv 3)

ut

It is advantagous to write equation (3) in the following form:

t
(Zut—i-l —ut+ 1)F(z,u,v) _ (1 — ut)Fo(z7U) + Zuka(Z,U)- @)
k=1
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2.3. The kernel method. Equation (4) gives a simple relation between the unknown func-
tions F'(z,u,v) and F(z,v), 1 <[ < t. In order to solve (4) we will aply the kernel method.
To do this we will consider the so-called characteristic equation

P(z,u) = zu'™ —u' +1=0.

By general considerations on the roots of the characteristic polynomial P(z,u) as figured
out in [2], it follows that P(z, u) can be written in the following form:

P(z,u) = (2u = My (2))(w = A (2))(u = Aa(2)) -+ (u = Ai(2)),

with functions A (2), ..., A\ry1(2) analytic around z = 0. In the following we use the abbre-
viation \; := X\;(z), 1 <4 <t + 1, where we do not express explicitly the dependence of \;
on z.

Now we use the fact that F'(z, u, v) is an analytic function in a neighbourhood of z = 0.
Thus we can evaluate F'(z, u,v) and therefore equation (4) at u = A1 (z),...,u = A\(2) for
z in a neighbourhood of 0. Since P(z, A\;(z)) = 0, for 1 < i < t, we obtain from (4) after
plugging in u = \;, 1 < ¢ < ¢, the following system of linear equations for the unknown
functions Fj(z,v), 1 < k <t:

t
(1= M) Fo(z,0) + > MFi(z,0) =0,

k=1

(1= AD)Fy(z,v) + Z M F(z,v) = 0.

k=1

We rewrite this system of equations in matrix form:

AAT e N Fi(z,v) IR
Ao A2 o) Fy(z,v 11—\
:2 :2 . :2 ' 2<: ) - : i Fo(z,0). o)
)\t )\? )\i Ft(Z,U> 1 —)\i

Applying Cramer’s rule we can write the solution of this linear system of equations as a
quotient of determinants, with 1 < k£ < ¢:

k—1 k+1 —1
Ar o ATTE 1AL ATTE AL A1 AZ N

Az o ABTL 1AL BT LN A2 A% - AL
Fi(z,v) = — .

C - Fy(z,v). (6)
)(t Af.*l 1_.)\§ ,\QV.H AL A )\f )\ﬁ

To evaluate the quotient of determinants appearing in (6) we distinguish between the cases

1<k<t—1landk =t If1 <k <t —1 we can add the ¢-th row to the k-th row in the
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determinant appearing in the numerator of (6) and obtain after simple manipulations:

T PUSEID U Vo I TP VPO St
(—=1) 1 g - ARTLEHL )8 1o - ALTH
Fr(z,v) = ————— . Fy(z,v). 7
Mg N oo oo ’
T A - AFTL AL 1A - AE

2.4. Elementary symmetric functions and the Jacobi-Trudi identity. The quotient of
determinants appearing in (7) can be evaluated as elementary symmetric functions, which
can be seen, e.g., by writing the determinants as Schur functions and applying the Jacobi-
Trudi identity.

A partition is defined as a sequence « = (a4, .. ., a;,) of non-negative integers in decreas-
ing order, that is a; > as > --- > «,. The non-zero «; are called the parts of o. Their
number is the length of « and will be denoted by /(«). Further, given a partition «, the conju-
gate of the partition « is the partition o/ defined by the sequence o} = [{j : «; > i}|. Given
a partition @« = («, ..., qy,), the Schur symmetric function s, is the symmetric function
defined by the quotient

S X PR 4 : j
a1, ) det (277 )1<ij.<n

_ det(x%%_jhgi,j,gn

We will use the following form of the Jacobi-Trudi identity (see [9]).

Sa(l'l, ce ,.Tn) = det(eag_iﬂ(a:l, ce >$n))1§i,j§n7 with ¢, = 0, for k<0 or k> n.
()
Here e, (21, ..., x,) denotes the r-th elementary symmetric function with variables z, .. .,
Tp:
er(T1,. .., Tn) = Z Ty Tiy -+ Ty, With 0 <7 < n.

1<11 <2< <1<

Hence we may express the functions F},(z, v) in terms of Schur functions using the partition
a=(1,...,1,0,...,0),witha; =1for1 <i<t—kanda; =0fort+1—k <i<t:

Fuen) = — 0 o o E 9
kz7v)_)\1>\2”.>\tsoc( 1y t) O(Zvv)- ()

Since o/ = (t—k,0,...,0) we immediately obtain by applying the Jacobi-Trudi identity the
following form of the solution:

—1)*
Fi(z,v) = ﬁetk(/\h)\% A F(z0), 1<kE<t-—1 (10)

For the case k = t we can split the ¢-th row in the determinant appearing in the numerator
of (6) and obtain easily:

—1)¢
Fi(z,0) = <A1(T)At + 1>F0(z,v). (11)
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Thus we can write the solution of F(z,u,v) as

((1—u>+zk L e Oy ) (55 —|—1)>F0(z,v)
zuttl —ut 41
(A (=1 T ub (=) e kM, ) + ) Fofz,0)
(=1)tAy - N(zuttt — ut + 1)

_ (22:0 uk(_”t_ketfk()\la cees )\t))FO(Z, v)
(=1)tA1 - - A(zutt! — ut + 1) .

Now we use again the factorization of P(z, u), which gives:

P(z,u) = 20 — " + 1= (z2u — Mp1) (= A1) (u—Ag) -+ (u— \p)

F(z,u,v) =

= (zu — \y1) Zu YA, . ).
Thus we get further:

(=1 At41
F = F —F| 12
<Z’ u’ U> )\1 .. )\t(Zu —_— )\t_;’_l) O(Z U> )\t+1 — U 0<Z’ U)’ ( )

where we have used the identity \; - - Ay ; = (—1)'"!, which is again a direct consequence
of the factorization of P(z, u).

2.5. An alternative approach. Starting with equation (6) one may also proceed differently,
in a less standard manner, by using the following argument, which is based on arguments
of Mireille Bousquet-Mélou [1]. In order to obtain F'(z,u,v) we derive at first F(z,v). As
remarked above we can split the ¢-th row in the determinant appearing in the numerator of
(6) and obtain easily:

(—1)

Fi(z,0) = (m + 1) Fy(z,v). (13)

Now let N (z, u) denote the right-hand-side of the functional equation (4) for F'(z, u,v):

t
N(zu) = (1 —u')Fo(z,0) + Y uFFy(z,0)
k=1
The quantity N (z,u) is a polynomial in u with leading coefficient F}(z,v) — Fy(z, v), whose
zeros are exactly \j, ..., \;. Hence, after normalization, we have a leading monomial u?,
and the normalized polynomial factors nicely into the following expression:

N(z, :
— k)
Fi(z,v) — FO (z,v) 191_11 U= )

Since
(=D)AL Adeys = 1,
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we get

Fi(z,v) — Fy(z,v) = (Ag_l);t + 1)F0(z,v) — Fo(z,v) = (—.1.)'5 Fo(z,v)

= — A1 Fo(z,v).
Hence we finally obtain:

Fz,u,0) = N(z,u) _ —Aey1Fo(2,v) HZ:1(U ~M) A

P(z,u) (zu — A1) [They (v — M) A1 — 2u

2.6. Extracting coefficients. To obtain the required probabilities we only have to extract
coefficients of (12). By using the definition of F'(z, u,v) we get

Fy(z,v). (14)

P{Xm,n _ k?} _ (m+n) [Z’rnum—tn—sUk:]Pﬂ(z7 u, U) _ (min) [ztn-l—s(uz)m—tn—svk] fO(ZazZ)
m m T X1
_ 1 [Ztn+svk] FO(Z7 U) _ 1 [Ztn’l]k] ZlZO ((t+1l)l+5) (Uzt)l
(mr-rlb—n) /\ﬁ—ltn—s (mr-rlb—n) /\ﬁ—ltn—s
_ ((t+1’2k+s) [Zt(nik) 1 |
(mr—:;n) /\t+1<z)m—tn—s

To extract coefficients from this expression we consider the characteristic equation zu'** —
u'+1 = 0. Multiplying with 2z und using the substitution \ := zu leads then to the equation
28 = N1 - \).

Of course, A\ = Ay y1(2) is exactly the function implicitly defined by this equation, which

satisfies Ay 11(0) = 1. To apply the Lagrange inversion formula we introduce the substitutions

Z := 2" and w := X — 1 leading to the following equation, which is suitable for that:
Z=—(1+w)w.

Thus we obtain further:

((t+1}2k+s> [

)
B ((t+1}2k+s> 1 o 1 , 1 -
=~y i W) (- )

_ () () m — s — ) !
(m+n) n—k (1 + w)m—l—l—tk—s

m

B ((t+1,2k+s)m—s—tn m—s+n—1—(t+1)k
B (mnt”) n—=k n—Fk—1
(D) m—s—tn m—s+n—(t+1)k
(™) m—s+n—(t+ 1)k n—k ’

m

1
(1 + w)mftnfs

-n—k

P{Xn,=k}= 2

[w" =]
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form > tn + sand 0 < k£ < n. Now we rewrite the probabilities obtained in the following
form, which is given in Theorem 1:

k n—Fk n—k—1

(") ’

((t+1)k+s) <(m+n—1—s—(t+1)k’) _ t(m+n—1—s—(t+1)k)>

P{Xm,=Fk}=

form >tn+s, with0 < k <n.

Remark 2. Due to the simplicity of the result concerning the lines y = x/t — s/t it is natural
to ask for a more direct derivation of the probabilities. In the following we will sketch such
an alternative combinatorial derivation. It is well known that the number of (unweighted)
lattice paths from (m,n) to the origin (0, 0) with unit steps to the left or downwards is given
by (m+”) We need the following result, which can be found in Mohanty [10].

m

Lemma 1. The number of (unweighted) lattice paths from the origin to (m, n), which never
pass above the line y = x /t, is given by

m—tn+1(m+n+1) _ (m+n> _t(m+n)
m+n-+1 n n n—1
Now we obtain the probabilities P{X,, , = k} by fixing the last step and using Lemma 1:
P{X,n =k} =P{(m,n) = (tk+s,k) | y= (z— s)/tisnot touched}.
By fixing the last step we get further
P{X,., =k} =P{(m,n) - (tk+s+1,k)| y=(xr—s)/tisnottouched}

x P{(tk + s+ 1,k) — (tk + s,k)}.

Furthermore,

#paths((m —thk—s—1,n—k)— (0,0) | y = x/t is not passed)
#Paths((m, n) — (0, O))

th+s+1
X Frans((th + 5+ 1,k) = (0,0)) (t+ Dk +s+1

<(m+n—1—s—(t+1)k> _ t(m+n—1—s—(t+1)k)> ((t+1)k+s+1)

P{Xm,=Fk}=

B n—k n—k—1 k . tk +s+1
B (™) (t+1)k+s+1
) ((m-&-n—ln—_sk—(t—i-l)k) _ t(m+n:ll:]::1(t+1)k)> ((t+1]2k+s)

(")

2.7. Deriving the limiting distributions. The main results of this paper, which describe the
limiting distribution of X, ,, depending on the growth behaviour of m and n, are obtained
from the probability mass function given in Theorem 1 after a careful application of Stirling’s
formula

nt = vamn(2)" (1+ ﬁ + 28;n2 + O(%)). (15)
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Note that one main difficulty is to “guess” the right normalizations required. Once the right
guess was made, we still had to carry out quite lengthy and tedious calculations in order to
obtain the stated results. Since these calculations are very lengthy, we will only present as an
example the derivation of the local limit for the case s = 0 and n ~ %, such that n = % — 4,
with £ ~ py/m and p > 0. Other computations are carried out in a similar manner.

Pptimn _ gy o pt 3 (1- m)(l"'b:—x)m—p\/ﬁ
t m 2r(t + 1)z(1 —z)2 (1 — Sl =00V
" (1— \/p—%)?*p\/ﬁ
(1 = Sty F v
~ pt ((1 \/m(ffz))( 1+t )) )
i e (1_33) (1= pT)u \ﬁ(l ) 1+t)

x((l_m”l)%—@( -7 )*
(- =) (1 - )

— Jm+0)
2¢ 24 +1 t+1
pt e_lpfize_fiﬂ th(t2 ) —° f( )
~ _ e D ¢ (102
3 t
2r(t+ 1)x(l — 2)2 p—pt,—aFhon
2t2z
~ pt e 2(1it)(17m)‘

2ra(1+1)(1 —z)?
3. LIMIT LAWS FOR THE CARD GUESSING GAME AGAIN REVISITED

One starts with a deck consisting of m red and n black cards. A guess is made as to the
color of the top card, after which it is revealed and discarded. To maximize the number of
correct guesses one chooses the color corresponding to the majority of cards remaining in the
deck. Let X,, , denote the random variable counting the number of correct guesses starting
with m red and n black cards. The following result was obtained by Sulanke, and also by
Knopfmacher and Prodinger.

Theorem 3 (Sulanke; Knopfmacher and Prodinger). The exact distribution of the random
variable X, , counting the number of correct guesses in the card guessing game starting
with m red and n black cards is given as follows:

(") = ()
P{Xn =k} = @ =,
Since no limit laws were derived in [6, 12], we complete the analysis by stating the limit
laws for X, ,,.

form <k <m+n.

Corollary 1. The random variable X, ,, counting the number of correct guesses in the card
guessing game starting with m red and n black cards satisfies, for m — oo and depending
on the growth of n = n(m), the following limit laws.
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e The regionn = o(m): the centered random variable X}, ,, = Xy, n —m is asymptot-
ically zero:
n
P{X =0}=1—— —1.
® The region n. ~ pm, with 0 < p < 1: the centered random variable X, , =
Xmn — m is asymptotically geometrically distributed with parameter p:

P{X; .=k} — (1—p)p", keNy.

o The region n = m — {, with m = o((?): the centered and scaled random variable

Xown = %(an — m) is asymptotically exponential distributed:

x5 X, withdensity fx(x)=e¢* x>0.

e The region n = m — {, with { ~ p\/m and p > 0: the centered and scaled random
variable X}, . = (X — m)/y/m weakly converges to X ,:
x5 X,, withdensity fx,(z)= (p+2x)e ™) >0,

e The region n = m — {, with { = o(\/m): the centered and scaled random variable
Xon = (Xonn —m)/y/m is asymptotically Rayleigh distributed.:
X: 5 X, with density fx(z) =2t z>0.

m,n

Proof sketch. The limiting distributions can be derived by an application of Stirling’s for-
mula. The calculations are again quite lengthy, so we leave the details to the interested
reader. O

CONCLUSION

We have analysed the distribution of weighted lattice paths absorbed at certain lines using
a generating function approach and the kernel method. Moreover, we have derived limiting
distributions for the underlying random variable. Surprisingly, a wealth of different distri-
butions arise in the limit. We address here the interesting open problem of extending the
studies of the limiting distribution behaviour of the height of the absorption to other absorb-
ing lines, and also to other classes of weighted lattice paths, or equivalently to other types of
Pdélya-Eggenberger urn models, such as the OK-Corral urn model, M = ( e )
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